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Abstract

Neurosymbolic (NeSy) Al combines neural learning with symbolic reasoning
and proving, but reported capabilities do not by themselves provide assurance
of correctness. This survey examines NeSy approaches to reasoning and
proving based on propositional logic (PL), distinguishing capability from
assurance. The analysis covers 26 survey and review papers and 181
publications from the 1940-2026 search period, with 180 quantitatively
evaluated. An X-Y-Z taxonomy is introduced and implemented using the Simple
Knowledge Organization System (SKOS). Qualitative annotations support a
reproducible Python pipeline computing concept frequencies, capability and
assurance scores, joint coverage, and annual statistics. Existing survey
classifications do not consistently distinguish PL capabilities from supporting
correctness evidence. SAT solving and logic expressivity are assigned to
117 and 112 evaluated publications, respectively, compared with 2 for
proof validation and 7 for soundness assessment. These findings indicate
an imbalance between reported capabilities and documented assurance,
without implying that unannotated frameworks are unsound. They motivate
greater attention to proof generation, independent validation, and explicit
guarantees. The released taxonomy, annotations, and implementation support
reproducible comparison and future extensions.
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Abbreviations

Abbreviation Explanation

General Al and neurosymbolic terminology

NeSy Neurosymbolic

NeSy AT Neurosymbolic Artificial Intelligence

Logic, forms and satisfiability

ANF Algebraic Normal Form

CNF Conjunctive Normal Form

DNF Disjunctive Normal Form

FOL First-Order Logic

PL Propositional Logic

PMS Partial Maximum Satisfiability

SAT Boolean Satisfiability

UNSAT Boolean Unsatisfiability

SAT solving and testing algorithms

ATPG Automatic Test Pattern Generation

CDCL Conflict-Driven Clause Learning

DPLL Davis-Putnam-Logemann-Loveland Algorithm
ICA Imperialist Competitive Algorithm

MILP Mixed-Integer Linear Programming

ACO Ant Colony Optimization

CSp Constraint Satisfaction Problem

Neural network architectures and models

ANN Artificial Neural Network

BM Boltzmann Machine

BPNN Backpropagation Neural Network

ConvNN Convolutional Neural Network

ConnectNN Connectionist Neural Network

DHNN Discrete Hopfield Neural Network

DNN Deep Neural Network

FNN Feedforward Neural Network

GAT Graph Attention Network

GCNN Graph Convolutional Neural Network
GGC-NN Gated Graph Convolutional Neural Network
DHNN-3SAT Discrete Hopfield Neural Network for 3-Satisfiability
GNN Graph Neural Network

GRU-NN Gated Recurrent Unit Neural Network
HCNN Hypergraph Convolutional Neural Network
HNN Hopfield Neural Network

HT ANN Harmony Theoretic Artificial Neural Network
HyperGCN Hypergraph Convolutional Network

LBM Logical Boltzmann Machine

KBANN Knowledge-Based Artificial Neural Network
LSTM Long Short-Term Memory

LINN Logic Integrated Neural Network

LNN Logical Neural Network

LPPH Lagrange Programming Neural Network
LSTM RNN Long Short-Term Memory Recurrent Neural Network
MPNN Message-Passing Neural Network

MHNN Mutation Hopfield Neural Network

NLN Neural Logic Network

RBFNN Radial Basis Function Neural Network

RBM Restricted Boltzmann Machine

RNN Recurrent Neural Network

SAANN Simulated Annealing Artificial Neural Network
SGAT SAT-Based Graph Attention Network

SNN Symmetric Neural Network

TenSAT Temperature-Scaled Neural Network SAT Solver
Tree-LSTM NN Tree-Structured Long Short-Term Memory Neural Network
Tree-NN Tree Neural Network

UANN Unsupervised Artificial Neural Network
LagONN Lagrange oscillatory neural network
SOM-NN Self-Organizing Map Neural Network
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Learning, meta-heuristics, and hybrid optimization methods

ESM Exhaustive Search Method

HNNICA Hybrid Hopfield Neural Network-Imperialist Competitive Algorithm
RL Reinforcement Learning

K ledge organization and data ialization

SKOS Simple Knowledge Organization System

TTL Turtle Syntax

DRAT Deletion Resolution Asymmetric Tautology

DRUP Deletion Reverse Unit Propagation
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1 Introduction

Neurosymbolic (NeSy) AI combines neural learning with symbolic reasoning
and proving, but reported capabilities do not by themselves provide
assurance. Existing surveys examine NeSy Al from several perspectives. For
example, the survey in Yu et al. (2023) organizes NeSy learning research
around challenges, methods, applications, and future directions, while the
survey in Marra et al. (2024) compares NeSy and statistical relational
Al along dimensions that include logical inference, syntax, semantics,
representations, and learning. These perspectives provide a foundation for
understanding how neural and symbolic methods interact. However, as our
analysis in Section 4 shows, the reviewed classifications do not consistently
distinguish the reasoning and proving capabilities of NeSy approaches based
on PL from the mechanisms that provide assurance for their results. This
survey addresses this gap by examining PL-based NeSy reasoning and
proving while explicitly distinguishing capability from assurance.

This distinction matters because representing logical formulas, predicting
their satisfiability, constructing satisfying assignments, and producing
checkable proofs are different achievements. A framework may perform well
on a reasoning benchmark without providing evidence that each reported
conclusion is correct. Similarly, a human-interpretable explanation can help
users understand a result without establishing its logical validity. The gap
addressed here is therefore the lack of a consistent, PL-focused account of
both what surveyed frameworks can do and what evidence supports their
results. Explainability remains valuable, but it should be examined alongside
soundness, proof validation, and certification. Our analysis does not establish
that attention to explainability has caused limited coverage of these other
properties.

Reasoning and proving capabilities, together with assurance mechanisms,
matter when incorrect conclusions or decisions can have serious
consequences. Application areas include autonomous transport, medical
devices, and industrial control, where failures may cause injury or damage.
In such settings, strong empirical performance alone does not establish
that a system satisfies a specified safety requirement. For example,
Hashemi et al. (2023) present a neurosymbolic approach to verifying neural
network controllers against signal temporal logic specifications. When both
the controller and the plant model are represented by ReLU networks,
their approach reduces verification to an ANN reachability problem. This
illustrates how formal verification can complement learned control, although
the specifications extend beyond PL. For problems represented in PL, a
satisfying assignment can demonstrate that encoded constraints are jointly
satisfiable, while a checked UNSAT refutation can establish that a specified
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unsafe condition is impossible within the encoded model. For example, when
a formula encodes the permitted states of an industrial controller together
with an unsafe combination of actuator commands, a checked refutation
establishes that no assignment satisfies both within that encoding. If the
encoding covers only a bounded execution, the conclusion is restricted to
that bound. Proof generation provides evidence for a conclusion, and proof
validation checks that evidence. These distinctions help readers assess both
what a NeSy framework can do and what supports confidence in its results.
This motivation is consistent with the Guaranteed Safe AI perspective of
Dalrymple et al. (2024), which combines a world model, a safety specification,
and a verifier to support formal safety guarantees. Such guarantees remain
conditional on the adequacy of the model, specification, and verification
assumptions. Our taxonomy therefore distinguishes reasoning and proving
capabilities from assurance properties, helping readers compare reported
evidence and identify gaps relevant to their intended applications.

1.1 Objectives and Scope

The objectives of this survey are to identify the PL reasoning and proving
tasks supported by NeSy frameworks and distinguish these capabilities
from their reported assurance properties and mechanisms. The survey also
examines how both are represented across existing surveys and primary
publications. A further objective is to provide reusable annotations and
a reproducible evaluation combining qualitative analysis and quantitative
assessment that researchers can inspect and extend.

This survey focuses on PL to compare frameworks within a common
logical setting while covering tasks such as satisfiability decision, witness
generation, logical consequence, resolution, proof generation and validation,
and neural guidance of symbolic solvers. Predicate, temporal, and
other logics introduce additional constructs and reasoning requirements.
Extending the classification to these logics would therefore require
further taxonomy development. The chronological discussion contains 181
publications identified within the 1940-2026 search period. Of these, 180 are
quantitatively evaluated. The work of McCulloch and Pitts (1943) is retained
for historical context and excluded from the canonical evaluation dataset.

1.2 Contributions
The survey makes the following contributions:
1. A common conceptual foundation for PL reasoning and theorem proving,

ANN, NeSy reasoning, and the SKOS ontology Miles and Bechhofer. It
clarifies distinctions among inference, reasoning procedures, proving,
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satisfiability decisions, satisfying witnesses, entailment, and formal
derivations, enabling readers from neural and symbolic backgrounds to
interpret the surveyed frameworks and taxonomy consistently.

2. An X-Y-Z taxonomy that separates reported capabilities from supporting
assurance mechanisms and derives quantitative summaries from their
annotations. Its implementation as an instance of SKOS ontology
provides explicit definitions and reusable identifiers without treating the
hierarchy as a ranking of NeSy systems.

3. An analysis of 26 existing NeSy survey and review papers, aligning
their classifications with the X and Y dimensions. This comparison
distinguishes the coverage of assurance in survey methodologies from
the capabilities reported in the primary studies they discuss.

4. A chronological synthesis of 181 publications, with publication-level
X-Y-Z annotations and ANN architecture labels. The accompanying
discussions distinguish reasoning and proving tasks in PL, formula
representations, and reported evidence, providing a basis for examining
developments without defining periods by a presumed dominant
architecture.

5. A formally defined evaluation function and an automated Python
pipeline operating on curated publication and concept-assignment
tables. Capability and assurance scores combine concept-frequency
weights with coverage, while joint coverage summarizes the breadth of
both dimensions. The pipeline computes concept and ANN architecture
frequencies and yearly means, medians, and binned Shannon entropy,
alongside publication counts. Annotation requires examination of
the publications, whereas automation applies to the subsequent
calculations.

6. An evidence-based analysis of underrepresented assurance character-
istics and the limitations of the quantitative results. The released
SKOS taxonomy, input data, Python implementation, search prompt, and
SPARQL query with its results support inspection, reuse, and updates to
the analysis.

1.3 Novelty and Main Findings

The novelty of this synthesis lies in connecting a PL-focused capability
and assurance taxonomy with an analysis of existing survey classifications,
publication-level annotations, and reproducible quantitative summaries.
The evaluation describes the reported evidence in the corpus: taxonomy
identifiers are not ordinal levels, concept frequency is not scientific
importance, and a higher score does not by itself demonstrate better task
performance or stronger guarantees.The findings indicate an imbalance
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between commonly reported SAT-related capabilities and less frequently
documented proving and assurance mechanisms. As reported in Table 33 in
Section 6, SAT solving is assigned to 117 of the 180 evaluated publications,
satisfiability witness generation to 69, and proof validation to 2. Regarding
the ANN architectures used in these publications, Table 34 shows that
the HNN label is assigned to 42 publications, DHNN to 31, and GNN to
27 publications. Section 6.5 further shows that positive yearly capability
means coexist with zero assurance medians in nearly every evaluated year.
These observations motivate greater attention to proof-producing methods,
validation, and explicit assurance reporting. They do not establish that
unannotated frameworks are unsound or that the wider field has uniformly
declined. Missing annotations may reflect reporting limitations, annotation
choices, or incomplete literature coverage. Researchers should therefore
distinguish empirical success, understandable explanations, and formally
supported conclusions when assessing their own and others’ work, and state
what evidence supports each claim.

1.4 Overview of the Survey

Section 2 introduces PL, distinguishes inference, reasoning, and proving, and
supplies the ANN and SKOS background needed for the survey. Section 3
defines the X-Y-Z taxonomy for annotating surveyed papers according to the
capabilities and assurance properties of the NeSy frameworks they describe,
and explains the associated evaluation scores. Section 4 provides an overview
of existing survey and review papers on NeSy AI, and annotates these
papers using the capability and assurance concepts of the proposed X-Y-Z
taxonomy, with a focus on reasoning and proving in PL. Section 5 presents
the chronological literature survey and its publication-level annotation
tables. Section 6 defines the evaluation function, describes data preparation,
and analyzes concept frequencies, neural architectures, and annual score
distributions. Section 7 summarizes the findings. Appendix A provides links
to the GitLab implementation, SKOS taxonomy, and supplementary queries,
together with the search prompt used to identify candidate publications,
allowing readers to inspect and extend the evaluation independently.

2 Background

The background material provides readers from neural, symbolic, and
interdisciplinary fields with a common foundation for understanding the
survey. Basic Al knowledge is assumed, but advanced ANN expertise and
prior familiarity with SKOS are not required. PL is covered in greater detail,
while ANN concepts are introduced as needed. SKOS concepts and relations
are explained to support understanding of the taxonomy.

Prepared using sagej.cls
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2.1 Propositional Logic

In this section, PL is introduced before addressing its inference, reasoning,
and proving tasks. PL is based on propositions. Not all sentences express
propositions. For example, questions or commands are excluded. The
alphabet of PL consists of four pairwise disjoint sets

Y=PUMUOUC. (1)

The set P is defined as a countably infinite set of atomic propositional
letters, also called atomic words Gorré (2006), simple or atomic
propositions (Al-Odhari 2021, p. 36, Definition 2.2), propositional
variables (Zhang and Zhang 2022, p. 30, Section 2.1), written as ps,
P2, P3, P4, .-, Pn, €tc. The set M of punctuation marks contains the
parentheses "(" and ")". The set 0 includes the logical connective symbols,
including conjunction (A), disjunction (V), negation (—), implication (—), and
equivalence («») Gorré (2006). The set C of logical constants comprises the
symbols T and L.

Every propositional variable p; € P, 7+ =1,...,n, as well as the constants T
and 1, is a well-formed formula. If p; is a w.f.f., then its negation —p; is also a
w.f.f. A literal is defined as a propositional variable or its negation (Zhang
and Zhang 2022, p. 99, Section 3.3.1). Similarly, if p; and ps are w.f.f.s, then
the formulas (p; V p2), (p1 Ap2), (p1 — p2), and (p1 <> p2) are w.ffs as well
Al-Odhari (2021). Only the aforementioned rules are used to construct the
w.f.f. in PL. As an illustration, let p; denote the sentence "it is raining"
and let p» denote the sentence "the umbrella is open". Then the formula
(p1 — p2) isawff, expressing "if it is raining, then the umbrella is
open". As another example, the PL formula (p; A T) is a w.f.f.,, whereas the
PL expression (p; V TV) is not, since it does not follow rules for constructing
w.f.f.s in PL Al-Odhari (2021).

A truth assignment is a function 7 : P — {T,F} that assigns a truth value
to each propositional variable (Poole and Mackworth 2010, Section 5.1.2).
This assignment extends uniquely to all well-formed formulas using the
truth conditions of the logical connectives Al-Odhari (2021). Formally, this
interpretation (also called a valuation) is precise and rigorously specified
(Al-Odhari 2021, p. 37, Definition 2.1.1). Different interpretations may assign
different truth values to the same propositional variable Gorré (2006). The
interpretation function [ assigns truth values to any w.f.f. in PL (Enderton
2001, p. 20, Section 1.2). Truth tables provide a systematic method for
determining the truth value of PL statements. Let p; and ps be atomic
propositions. Then the interpretation function assigns true to —p; if and only
if (iff) it assigns false to p;. For p; A ps, the interpretation function assigns
true only when both p; and p, are true; otherwise the formula is false.
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Similarly, for p; V po, the interpretation function assigns true iff at least one of
them is true, and false otherwise. The proposition p; — ps is assigned false
only when p; is true and p, is false. In all other cases, it is true. Finally, the
proposition p; <> po is assigned true iff p; and p; have the same truth value,
and false otherwise. In addition to truth value semantics, PL also admits an
algebraic semantics Avigad (2022), which is not covered in this work.

Any w.f.f. in PL can be rewritten in either CNF or DNF. A CNF formula is a
conjunction of disjunctions of literals (see Formula 2), whereas a DNF formula
is a disjunction of conjunctions of literals (see Formula 3) (Liberatore 2008,
Section 3).

(p1 Vp2) A (—p3 V ps) (2)

(p1 A =p3) V (p1 Apa) V (p2 A =p3) V (p2 A pa) (3)

A PL clause is a disjunction of literals. A Horn clause in PL is a special
form of CNF containing at most one positive literal (Liberatore 2008, p. 267,
Section 3). For example, formula (4) is a Horn clause.

(—p1 V2 V —ps3) 4)

A Horn formula is a conjunction of Horn clauses (Liberatore 2008, p. 268,
Section 3).

In the following three sections, 2.2, 2.3, and 2.4, inference, reasoning, and
proving in PL are described. Understanding these three concepts provides
a foundation for the discussions in the rest of this survey. The distinctions
among inference, reasoning, and proving are adopted as working definitions
for organizing this survey, rather than as universally standardized or mutually
exclusive categories, acknowledging that terms such as inference procedure,
reasoning algorithm, and proof procedure have overlapping and context-
dependent uses in logic and Al. Figure 1 shows a Venn diagram which
illustrates inference, reasoning, and proving approaches in PL. Section 2.6
describes Al reasoning paradigms referenced in the remaining part of this
survey.

2.2 Inference in Propositional Logic

In PL, an inference denotes a formal mechanism for deriving a PL statement,
called the conclusion, from one or more PL statements, called the premises.
Such a mechanism is specified by an inference rule, which defines a form
of derivation (Enderton 2001, p. 110). An inference rule is said to be truth-
preserving or valid if, whenever all premises are true, the conclusion must
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also be true. An example of an inference rule is Modus ponendo ponens (MPP)
Schechter and Enoch (2006), which is formally expressed as

P, P—Q
Q

where P, () are atomic propositions. It states that if the atomic proposition
P is true (T), and the implication P — @} is also true, then the atomic
proposition ¢ must be true. This property can be verified using truth tables.
In contrast, the argument form (6) is not a valid inference rule in PL because
it is not truth-preserving. In particular, there exists a truth assignment to P
for which the premise is true while the conclusion is false.

(5)

P
T (6)
It is important to note that the validity of an inference rule depends on
the rule itself, not on the truth values assigned to the atomic propositions.
Even if one or more of the premises is false, denoted by 1, the conclusion
may be either true or false. However, the inference rule itself remains truth-
preserving. A resolution step (hereafter simply resolution) in PL is another
fundamental inference rule in PL (Zhang and Zhang 2022, p. 98-99, Section
3.3.1). It can be expressed as follows:

(PVQ),(-PVR)
(QVR)
where P, (), and R are atomic propositions. In resolution, it is allowed to
use negation of atomic propositions, such as —P. The resolution rule is truth-
preserving, meaning that no truth assignment to atomic propositions can be
found such that the premises are true and the conclusion is false.

(7)

2.3 Reasoning in Propositional Logic

The preceding section delineates inference in PL, namely, the utilization of
inference rules such as MPP and resolution. It is a rule-based mechanism
that derives a conclusion from given premises. By contrast, reasoning in PL
refers to an algorithmic process that applies fixed, truth-preserving inference
rules. This process relies on additional mechanisms such as the ordering
of rule applications, termination criteria, search strategies, and redundancy
elimination.

Truth tables in PL are not reasoning methods in themselves. Rather,
they provide a (semantic) procedure for evaluating the truth values of PL
formulas under all possible interpretations. By examining a truth table, one
can determine fundamental logical properties such as satisfiability (SAT),
tautology (validity), and logical entailment.
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Entailment in PL, written as p; = ps, is a semantic property of PL. It means
that in every interpretation in which p; is true, p, is also true. Equivalently, ps
is a logical consequence of p;. Under entailment, there is no truth assignment
under which p; is true and p- is false.

A PL expression (8) represents one w.f.f. Exhaustive truth tables can serve
as a semantic decision procedure for determining which assignments make
this w.f.f. true.

(p1 V p2) A —p1 (8)

The truth value of formula (8) depends on the truth values assigned to the
propositional variables p; and p,. As shown in Table 2, the interpretation
function assigns true to w.f.f. (8) when p; is false and ps; is true. This
demonstrates that w.f.f. (8) is satisfiable Gorré (2006), since there exists
a truth value assignment to the propositional variable that makes the formula
true.

Table 2. Truth-value assignments of (p1 V p2) A —p1.

pr p2 pi | piVpe | (p1Vp2) A-pr

T T °F T F
T F F T F
F T T T T
F F T F F

There are several variants of SAT problems, including MaxSAT (Marino
2021, Section 2), 3SAT or 2SAT (Kho et al. 2022, Section 2.1). The MaxSAT
problem involves finding a truth value assignment to propositional variables
that maximizes the number of satisfied clauses in a CNF formula. In other
words, a clause is considered satisfied if at least one of its literals is
true (Marino 2021, Section 2). In the 3SAT problem, we are given a set
of propositional variables and a collection of clauses, where each clause
contains exactly three literals. The 3SAT task is to determine whether there
exists a truth assignment for the finite set of propositional variables that
satisfies all clauses in the collection (Garey and Johnson 1979, p. 46, Section
3.1). A similar definition applies to the 2SAT problem in PL (Kho et al. 2022,
Section 2.1).

A resolution method is a syntactic reasoning technique in PL (Harrison
2009, p. 179, Section 3.11). By contrast, the tableau method is a semantic
reasoning technique in PL that provides a decision procedure for the SAT
problem (Jarmuzek 2020, p. 29, Section 2.3, Definition 2.10). It incrementally
constructs a tree structure for a PL formula by systematically decomposing it
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into simpler components using tableau rules (Jarmuzek 2020, p. 29, Section
2.3, Definition 2.13).

JR— Inference
N Reasoning
Proving

Saturation-based theorem proving

Resolution method

3SAT (2SAT)
Tableau method

Resolution step

Figure 1. Venn diagram illustrating inference, reasoning, and proving approaches in
PL.

In PL, a w.ff is a tautology if it is true under every possible truth
assignment to its atomic propositions (Enderton 2001, p. 23). Consequently,
a w.f.f. is a contradiction if it is false under every possible truth assignment to
its atomic propositions.

For satisfiability in PL, a witness is a truth assignment that makes the
formula true. For example, assigning both p and ¢ the value true is a
satisfiability witness for p A q. Witness generation is the task of finding such
an assignment.

A lemma is a proved statement used to help establish another result. For
example, a statement derived during proof search may be retained as a lemma
and reused in later steps.

2.4 Theorem Proving in Propositional Logic

In classical PL, let " be a finite set of propositional formulas and let ¢ be a
propositional formula; the premises and conclusion need not be atomic. In a
specified proof calculus, I' - ¢ means that there is a finite formal derivation
of ¢ from I', using the axioms and inference rules of that calculus. By
contrast, I' = ¢ means that every truth assignment satisfying all formulas
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in I' also satisfies . For a sound and complete proof calculus for classical
PL, T+ ¢ if and only if T | ¢; soundness gives the forward implication and
completeness the reverse Plaisted (2014). A theorem in PL is a formula
provable without undischarged premises, written - ¢. The term theorem
proving is also commonly used for constructing proofs from premises, thereby
establishing T' ¢ and certifying T' = ¢. For finite T', this can equivalently
be formulated as proving (/\’yEF ~v) — ¢ without premises, with the empty
conjunction interpreted as the truth constant T.

The entailment I' = ¢ holds exactly when I' U {—¢} is UNSAT, meaning that
no truth assignment satisfies every formula in this set. If this set is satisfiable,
any satisfying assignment is a countermodel to the entailment: it makes all
premises true and the conclusion false.

With no premises, - ¢ is equivalent to = ¢, meaning that ¢ is a tautology,
or valid formula: it is true under every truth assignment. Equivalently, —y is
unsatisfiable Plaisted (2014).

A clause-based proof from an initial clause set S can be represented as a
finite sequence of clauses, each of which belongs to S or follows from earlier
clauses by an inference rule. The final clause is the derived conclusion. In PL,
the resolution rule derives C' vV D from C'V p and D V —p, where C and D are
disjunctions of literals, possibly empty. For example, resolution derives ¢ from
the clauses p and —p V q. A derivation of the empty clause [, which represents
falsehood, is called a resolution refutation. To establish I" = ¢ by refutation,
one converts I' U {—p} into an equisatisfiable finite clause set S and seeks a
derivation of ] from S. Equisatisfiability means that S is satisfiable if and only
if the original set is satisfiable. By soundness, a refutation establishes that S
is unsatisfiable. Equisatisfiability then implies that I' U {—¢} is unsatisfiable
and hence that I" = .

For example, to establish {p,p — ¢} |= ¢, one refutes S = {p, —p V q, ¢} by
deriving ¢ and then resolving it with —¢ to obtain []. Resolution in PL is
refutationally complete iff every UNSAT finite clause set has a resolution
refutation Bachmair and Ganzinger (2001). This property suffices for proving
entailments by refutation, but it does not imply that resolution alone can
directly derive every logically implied clause.

Resolution-based proof search can be organized as a saturation process,
which repeatedly applies inference rules to seek a clause set closed
under those rules. Search can stop earlier if the empty clause is derived.
More general saturation procedures consider closure modulo a redundancy
criterion that preserves completeness Bachmair and Ganzinger (2001).
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2.5 A Short Introduction to Artificial Neural Networks

An ANN serves as the neural component in a NeSy framework and can
be viewed as a simplified model of the networks of neurons in the human
brain Gurney (1997). A simple artificial neuron is illustrated in (Gurney 1997,
Figure 1.2). In ANNs, synapses are represented by single numerical weights
that multiply each input before it reaches the neuron’s equivalent of the cell
body. The weighted inputs are then summed using arithmetic addition. One of
the simplest models of an artificial neuron is the Threshold Logic Unit (TLU)
(Gurney 1997, Section 1.1), which computes the weighted sum of its inputs
and generates an output based on a threshold. A network of such artificial
neurons forms an ANN Gurney (1997).

ANNs underpin many modern AI systems. ConvNNs process grid-
structured data, such as images, using shared learnable filters to extract
local features and combine them into more complex representations
(LeCun et al. 1998). GNNs process graph-structured data by iteratively
combining information from neighboring nodes and their connections to
learn representations for node-level or graph-level predictions (Scarselli et al.
2009).

2.6 NeSy Al Reasoning

Reasoning paradigms are described with particular emphasis on NeSy Al
reasoning, as presented in the survey Liang et al. (2025). These paradigms
are referenced throughout the remainder of this paper. Figure 2 illustrates
the categorization of Al reasoning proposed in that survey (Liang et al. 2025,
Section 2.2.2).

NeSy AI reasoning integrates an ANN with symbolic representations
and reasoning mechanisms. As described in the survey (Liang et al. 2025,
Section 2.2.1, formula 6), NeSy reasoning can be formalized as a function
with two inputs: an observation represented as a query or graph and encoded
by a neural encoder, and knowledge expressed as rules or graphs. In the
case of PL, rules can be expressed either as PL implications or in CNF. The
reasoning output is then derived jointly from both the neural and symbolic
components.

Deductive, inductive, and abductive reasoning are classified under the task
structure category in Liang’s taxonomy (see Figure 2). Deductive reasoning
derives logically valid conclusions from known premises or rules (Liang
et al. 2025, Section 2.2.2). In contrast, inductive reasoning generalizes from
specific instances to broader rules or models (Liang et al. 2025, Section
2.2.2). In both cases, premises, rules, or instances can be expressed in PL,
typically using implications. Abductive reasoning, on the other hand, seeks
the most plausible explanation for a given observation (Liang et al. 2025,
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Liang taxonomy Liang et al. (2025)

— T

Application context Task structure Representation type

N\

Open-domain Closed-domain Analogal Abductive Inductive Deductive Hybrid (NeSy) Neural Statistical Symbolic
reasoning reasoning  reasoning reasoning reasoning reasoning reasoning  reasoning reasoning reasoning

Figure 2. Tree-shaped taxonomy for categorizing Al reasoning with a focus on NeSy
Al Liang et al. (2025)

Section 2.2.2). Its formalization in PL is provided in (Rasga and Sernadas
2022, p. 705, Definition 3.2).

Neural reasoning is classified under the representation type of reasoning
in Liang’s taxonomy (see Figure 2). It relies on learned representations
within an ANN. Unlike formal logic reasoning, neural reasoning does not use
explicit rule structures. The inference outcome is predicted using multi-layer
transformations and pattern abstraction (Liang et al. 2025, Section 2.2.2).
Essentially, it performs pattern-based inference rather than reasoning in the
traditional formal logic sense. In some approaches, neural reasoning can also
leverage graph-based embeddings of PL formulas Ghanem (2024).

Hybrid reasoning in NeSy Al falls under the representation type category in
Liang’s taxonomy (see Figure 2) Liang et al. (2025). It leverages the flexibility
to unify the interpretability of formal logic with the learning capabilities of
ANN. As a result, hybrid reasoning performed by NeSy frameworks can be
understood and explained in human-readable terms.

In the literature on NeSy Al, the terms inference and reasoning are used
interchangeably. For example, in Evans and Grefenstette (2018), the authors
use the term inference to describe a specific algorithm, named forward and
backward chaining inference, which implements logical reasoning over Horn
clauses expressed in first order logic. In the standard Al literature, such
as in Russell and Norvig (2010), forward chaining is explicitly described as
a reasoning algorithm for knowledge bases written in Horn form (Russell
and Norvig 2010, p. 275). These two naming conventions do not conflict.
Reasoning refers to the abstract logical process of deriving conclusions
Russell and Norvig (2010), whereas inference executes this reasoning within
a NeSy system Evans and Grefenstette (2018).

2.7 SKOS: A Simple Knowledge Organization System

Before reading Section 3, it is necessary to understand the basic notions of
ontologies and SKOS, briefly introduced below.

A formal ontology represents knowledge about a domain using logical
statements called axioms (Hitzler et al. 2012, Sections 2-3). In an
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ontology, classes represent categories of things, individuals represent
particular objects, and object and data properties describe relationships
between individuals and associations between individuals and data values,
respectively. The term formal means that ontology statements have precise,
mathematically defined semantics, which specify their logical consequences
and provide the basis for automated reasoning, including consistency
checking (Hitzler et al. 2012, Sections 2-3).

SKOS is a standard for representing and sharing organized vocabularies,
including taxonomies Miles and Bechhofer (2009). The SKOS data model is
formally defined as an ontology Miles and Bechhofer. It represents ideas
as concepts, which can have labels, definitions, and relationships to other
concepts. Concepts can be organized into concept schemes. The prefix skos:
abbreviates the SKOS namespace. The class skos:Concept represents SKOS
concepts, while skos:prefLabel provides a preferred lexical label, with at
most one such label per language tag. The object properties skos:broader
and skos:narrower link a concept to a broader and a narrower concept,
respectively (Miles and Bechhofer 2009, Sections 1.2, 2-5, 7-8). For example,
stating that cat is a narrower concept than animal does not by itself entail
the logical statement every cat is an animal (Miles and Bechhofer 2009,
Section 1.3). Here, skos:broader and skos:narrower organize the taxonomy
presented in Section 3.

SKOS was selected because it is a W3C-standardized model for
representing taxonomies and supports the concepts, labels, definitions, and
hierarchical relationships required by the classification (Miles and Bechhofer
2009, Sections 1.1-1.3). Its RDF-based representation facilitates sharing
and reuse, while providing sufficient expressiveness for organizing and
annotating NeSy capabilities and assurance mechanisms.

3 A Taxonomy for Surveying NeSy Frameworks

The X-Y-Z taxonomy supports the annotation of surveyed papers according to
the reported capabilities and assurance properties of the NeSy frameworks
they describe. One framework is analyzed per paper, with each paper serving
as the unit of annotation and evaluation. The taxonomy comprises three
dimensions:

The X dimension describes the reasoning tasks (e.g., SAT decision),
mechanisms, and capability-related properties that NeSy frameworks support
or exhibit in PL.

The Y dimension describes assurance mechanisms and properties that
support confidence in a NeSy framework’s reasoning, results, and correctness
claims.
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The Z dimension provides metrics computed from the assigned X and
Y annotations to summarize reported capability and assurance profiles for
quantitative evaluation. It does not define a separate classification hierarchy.

An X concept is assigned when the publication provides evidence of the
corresponding capability or characteristic. A Y concept is assigned when the
publication provides evidence of the corresponding assurance mechanism or
property. Assigning a Y concept does not imply that the framework satisfies
all assurance criteria.

Related X and Y concepts may have similar names, but an X annotation
does not automatically imply a corresponding Y annotation. Together, these
dimensions provide a structured basis for the systematic comparison of NeSy
frameworks described in surveyed papers and for identifying limitations
in existing approaches. Within the X and Y hierarchies, numerical codes
identify concepts and their positions in the broader-narrower structure. They
do not indicate rankings of capability, sophistication, or performance, or
progression between categories. A child concept is more specific than its
parent.

The category-level coding tables below support reproducible annotation by
specifying necessary evidence, sufficient coding evidence, exclusion criteria,
borderline-case decisions, and examples. The guidance clarifies parent-child
annotation and distinguishes soundness guarantee (X7) from soundness
assessment (Y 3), and interpretability (X8.2) from interactive explanation
(Y2). Direct parent annotation requires operational evidence establishing the
parent concept’s scope without supporting a listed child for the same claim.
Parent concepts are not automatically assigned when a child is annotated.
Redundant assignments and assignments based on vague evidence are
excluded. Parent and child codes may coexist only for separately evidenced
claims or scopes. Parent examples must correspond to direct annotations and
include locators for the supporting evidence. Parents without qualifying direct
annotations are identified as organizational or unobserved in the corpus.

3.1 How to Read the X-Y-Z Taxonomy?

The X-Y-Z taxonomy should be read as a SKOS concept scheme rather
than a formal logical class hierarchy with disjointness axioms. The X
dimension describes the reasoning tasks, mechanisms, and capability-
related properties that a NeSy framework supports or exhibits in PL,
such as SAT decision, constructive evidence generation, solution strategy,
search strategy, learning robustness, architectural capability, soundness
guarantee, and reliability. The Y dimension describes the evidence and
procedures used to assess or substantiate the correctness claims associated
with these capabilities, including verification, certification, proof validation,
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explainability, or soundness checking. Thus, related X and Y concepts may
have similar names, but they play different roles: X captures capability, while
Y captures the assurance provided for that capability. The Z dimension
provides metrics for the subsequent quantitative evaluation of surveyed
frameworks rather than a separate hierarchy of classification concepts. The
SKOS implementation of the taxonomy is available as a TTL file at the URL
provided in Listing 3 of Appendix A.1.

3.2 X: NeSy Reasoning and Proving Capability Level in PL

Figure 3 illustrates the X dimension of the taxonomy, which characterizes the
capability level (X0) of a NeSy framework for reasoning and proving tasks in
PL. This dimension records the reasoning and proving tasks, mechanisms,
and capability-related properties reported for a NeSy framework in PL.
The X dimension is organized into eight groups: logical foundation (X1),
constructive evidence generation (X2), solution strategy (X3), search strategy
(X4), learning robustness (X5), architectural capability (X6), soundness
guarantee (X7), and reliability (X8).

3.2.1 Foundational Reasoning Logical foundation (X1) covers satisfiability
decision (X1.1) and logical consequence (X1.2) in classical PL. A model,
in the logical sense, is a Boolean truth assignment satisfying a formula
F. The formula F is SAT if a model exists and UNSAT otherwise. Logical
consequence, I' =, means that every model of the premises I' satisfies ¢
(Russell and Norvig 2003, p. 203); equivalently, I' U {—¢} is unsatisfiable. The
annotation (X1.1) records an explicitly reported SAT/UNSAT decision task,
not evidence generation or a correctness guarantee.

Table 3 specifies the necessary and sufficient coding evidence, exclusion
criteria, borderline cases, and candidate examples for X1, X1.1 and X1.2
concepts.

Table 3. Coding criteria for X1, X1.1, X1.2 concepts.

Code Necessary evidence Sufficient coding evidence Exclusion criteria Typical borderline case Candidate
and decision example
X1 An explicitly specified A task definition and “Logical” terminology CNF syntax alone is X
classical-PL reasoning task procedure establish alone; symbolic insufficient; the
with operational support. reasoning over classical processing without an publication must establish
propositional formulas. established classical-PL the associated classical-PL
reasoning task. reasoning task.
X1.1 An explicit SAT/UNSAT A described decision Generic classification An imperfect SAT classifier Kibria (2007)
decision task over PL procedure or predictor without a stated qualifies for the task code,
formulas. producing SAT/UNSAT satisfiability task. but not for a soundness
outputs. guarantee.
X1.2 An explicit entailment or A reported procedure that Merely noting that A SAT-based entailment Franca et al.
consequence task with predicts or derives entailment can be procedure qualifies only (2014)
premises and conclusions. whether I" |= ¢. reduced to SAT. when the entailment task

is explicitly reported.
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X0: Capability level
X1: Logical foundation
X1.1: Satisfiability decision
X1.2: Logical consequence
X2: Constructive evidence generation
X2.1: Satisfiability witness generation
X2.2: UNSAT refutation
X3: Solution strategy
X3.1: Logical strategy
X3.1.1: Solution method
X3.1.1.1: SAT solving
X3.1.1.2: Resolution
X3.1.2: Heuristic adaptation
X3.1.2.1: Strategy monitoring
X3.1.2.2: RL-guided clause selection
X3.1.2.3: Query-aware formula generation
X3.1.2.4: Strategy adaptation
X3.2: MaxSAT optimization
X4: Search strategy
X4.1: Lemma discovery

X4.2: Clause selection quality

X4.3: Search-space pruning

X4.4: Branching heuristic

X4.5: Heuristic optimization for SAT

X4.6: Lemma reuse
X5: Learning robustness
X5.1: Logical generalization
X5.2: Paradox-resistant training
X5.3: UNSAT-core prediction
X6: Architectural capability
X6.1: Algorithmic alignment
X6.2: Logic expressivity
X7: Soundness guarantee
X8: Reliability
X8.1: Robustness
X8.2: Interpretability

Figure 3. X dimension: taxonomy for NeSy reasoning and proving capability level

3.2.2 Constructive Evidence Generation Constructive evidence generation
(X2) concerns explicit evidence for SAT or UNSAT, rather than a decision
label alone. Satisfiability witness generation (X2.1) produces a model of the
input formula; a predicted assignment or an energy minimum is insufficient
unless the publication establishes that it satisfies the formula. UNSAT
refutation (X2.2) concerns solver-based construction of a refutation: a formal
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demonstration that the input has no model. In a clause-based proof system, a
refutation typically ends with the empty clause, which is false under every
assignment. A bare UNSAT prediction is not a refutation. The reported
mechanisms for checking such evidence are annotated separately under Y.
Table 4 specifies the evidence required to code X2, X2.1 and X2.2,
alongside exclusion criteria, borderline cases, and a candidate example,
distinguishing constructive evidence from unsupported predictions.

Table 4. Coding criteria for X2, X2.1, X2.2 concepts.

Code Necessary evidence Sufficient coding evidence Exclusion criteria Typical borderline case Candidate
and decision example
X2 A mechanism constructing A documented Bare SAT/UNSAT labels; A candidate output lacking X
explicit evidence construction procedure, confidence scores; an established evidential
associated with a reported supported by an example checking existing objects role does not justify X2
PL reasoning result. or formal argument, without constructing simply because no child
establishes the output’'s evidence. can be confirmed.
evidential role for the
result.
X2.1 An assignment associated A model-producing Unchecked candidate A candidate checked to Xie et al. (2024)
with the input formula and procedure supported by assignments, energy satisfy its input qualifies
evidence of satisfaction. reported satisfaction minima, or confidence for the demonstrated
checking or a validity scores. scope, but not as a
argument. universal guarantee.
X2.2 Construction of a formal A specified Bare UNSAT labels, Invoking a solver that Sun et al.

returns UNSAT does not
qualify unless refutation
construction is
documented.

refutation of the input. proof-producing (2026)
mechanism with a
refutation example or

correctness argument.

predicted cores, or
validation-only systems.

3.2.3 Solution Strategy Solution strategy (X3) encompasses approaches
used by NeSy frameworks to organize and carry out reasoning and proving
tasks in PL. This concept includes logical strategy (X3.1) and MaxSAT
optimization (X3.2). Logical strategy comprises solution method (X3.1.1) and
heuristic adaptation (X3.1.2).

In addition, heuristic adaptation provides more flexible reasoning
approaches, including strategy monitoring (X3.1.2.1), RL-guided clause
selection (X3.1.2.2), query-aware formula generation (X3.1.2.3), strategy
adaptation (X3.1.2.4).

MaxSAT optimization (X3.2) denotes a NeSy framework’s ability to solve a
MaxSAT problem as part of its reasoning process with the objective of finding
a truth assignment that maximizes the number or total weight of satisfied
clauses Zhang et al. (2024a).

Table 5 specifies coding criteria for X3 concepts, covering necessary
evidence, sufficient coding evidence, exclusion criteria, typical borderline
cases and decisions, and candidate example papers.

SAT solving (X3.1.1.1) covers SAT-oriented prediction or search. The
accompanying annotation (X3.1.1.1) record specifies whether the learned
component predicts a decision, searches for assignments, guides a symbolic
solver, or combines these roles. Resolution (X3.1.1.2) is a clause-inference
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Table 5. Coding criteria for X3 concepts.

Code Necessary evidence Sufficient coding evidence Exclusion criteria Typical borderline case Candidate

and decision example

X3 An explicit approach A documented workflow Method names, A hybrid label is X
organizing how a PL establishes the roles and component inventories, or insufficient; documented
reasoning problem is coordination of the performance comparisons component roles and
solved. reasoning or solving without an operational coordination can establish

components. solution account. the parent scope.

X3.1 A logic-based reasoning or Logical operations or Processing PL encodings A learned controller’s use X
solution-control approach control principles are without a documented in a logic solver is
with operational support. described sufficiently to logic-based strategy; insufficient unless its

establish how the generic optimization logic-based control role is
approach functions. alone. established.

X3.1.1 A concrete logical solution Specified procedural steps Unexplained method An unexplained method X
method supported by or a formal definition names; black-box solver name is insufficient; a
operational or formal establish how the logical calls; heuristic tuning concrete procedure may
details. method solves the stated without an established support the parent when

PL problem. logical solution method. no listed subtype is
evidenced.

X 3.1.1.1An explicitly described A documented method in Merely naming SAT as an Include the neural role in Delacour et al.
SAT-oriented which the neural application domain or the annotation record: (2025)
computational method, component predicts reporting a neural prediction, assignment
with the role of its neural SAT/UNSAT, searches for component without search, solver guidance,
component identified. candidate assignments, or specifying its SAT-related or a documented

guides a symbolic SAT computational role. combination. The concept

solver. identifier alone does not
distinguish these roles or
establish witness validity,
refutation generation, or
soundness.

X 3.1.1.2Resolution inference is An algorithm or trace Mentioning resolution only Resolution-based Lima (2001)
part of the framework’s showing resolution steps as background. reasoning need not export
reported computation. or documented invocation a refutation certificate.

of a resolution-based
method.

X 3.1.2 A mechanism for A documented monitor, Fixed heuristic choices Monitoring alone may Ertel et al.
monitoring, learning, or learned control rule, or without monitoring, establish the scope; if a (1989)
adapting heuristic control. adaptation loop learning, or adaptation; monitoring child is

establishes overall runtime reporting supported, code that child
heuristic-control without heuristic-level rather than the parent.
functionality. evidence.

X 3.1.2.1Monitoring of A mechanism that tracks Offline benchmark Monitoring without X
reasoning/search state progress, state, or reporting alone. strategy modification
during operation. strategy-relevant qualifies here, not

indicators during solving. automatically as
adaptation.

X 3.1.2.2Reinforcement learning A reported Supervised ranking; RL for RL selecting variables or Vaezipoor et al.
controls clause selection. state/action/reward or unrelated decisions. tactics does not qualify (2020)

equivalent RL formulation unless those actions are
whose actions select actually clause selection.
clauses.

X 3.1.2.3A query conditions A documented Merely evaluating or If queries guide search but Ozolins et al.
formula or clause genera- query-conditioned querying an unchanged do not generate formulas, (2022)
tion/transformation. construction procedure. formula. rename the category

rather than stretch the
definition.

X 3.1.2.4Strategy changes in A described A single fixed strategy. A learned policy is not Zhang et al.
response to the problem strategy-switching or automatically adaptive (2024b)
or intermediate state. parameter-adaptation rule merely because it was

with its triggering trained.
information.

X3.2 An explicit MaxSAT An operationally described SAT classification, The maximum specifies Chen et al.
objective of maximizing exact, approximate, or assignment prediction, or the optimization objective, (2025)

the number or total weight

of satisfied clauses.

heuristic method that
constructs or searches for
assignments under the
stated MaxSAT objective.

a generic SAT loss without
an explicitly established
MaxSAT optimization
objective.

not a guaranteed
outcome. Approximate
and heuristic methods
qualify; global optimality
must be separately
substantiated for the
claimed scope.
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rule. Deriving the empty clause by resolution establishes UNSAT, not SAT.
Failure to find a refutation within a search budget does not establish
satisfiability. Strategy monitoring (X3.1.2.1) refers to the capability of
a NeSy framework to dynamically monitor and enhance PL solution
processes. Strategy adaptation (X3.1.2.4) refers to the capability of a NeSy
framework to modify its reasoning or proving strategy in response to problem
characteristics or intermediate results in order to improve its efficiency in PL
reasoning and proving tasks. For example, as a form of strategy adaptation,
the framework can modify its branching heuristic while determining the
satisfiability of a PL formula.

RL-guided clause selection (X3.1.2.2) denotes the use of reinforcement
learning to learn effective strategies for selecting clauses in NeSy theorem
proving. In this setting, RL can identify novel and effective strategies for
clause selection Suda (2025). Query-aware formula generation (X3.1.2.3)
leverages the query mechanism within a NeSy framework to solve SAT
problems in PL Ozolins et al. (2022).

3.2.4 Search Strategy Search strategy (X4) encompasses six key capabilities
that strengthen NeSy reasoning and proving capability level: lemma
discovery (X4.1), clause selection quality (X4.2), search-space pruning (X4.3),
branching heuristics (X4.4), heuristic optimization for SAT (X4.5), and lemma
reuse (X4.6) concepts.

Table 6 provides coding criteria for these six search-strategy concepts,
specifying necessary evidence, sufficient coding evidence, exclusion criteria,
typical borderline cases and decisions, and candidate example papers where
available. These criteria support consistent, evidence-based annotation of
surveyed papers.

Lemma discovery (X4.1) denotes the capability of a NeSy framework to
derive useful auxiliary lemmas during proof search. Clause selection quality
(X4.2) in the context of NeSy automated theorem proving in PL, refers to
a framework’s ability to choose clauses during proof search in a way that
minimizes the search space and reduces proof time Suda (2021). Search-
space pruning (X4.3) addresses the SAT problem by eliminating unsatisfiable
branches from the search space Heule et al. (2017). In NeSy frameworks, it
refers to mechanisms that guide the exploration of the combinatorial search
space during reasoning or proof in PL. Branching heuristics (X4.4) refer to
an emerging heuristic approach used by NeSy frameworks to learn how to
solve the propositional SAT problem Selsam et al. (2019).

Heuristic optimization for SAT (X4.5) refers to heuristic methods used
by NeSy frameworks to solve SAT problems. These methods can combine
global exploration and local improvement. Global exploration seeks promising
assignments across different regions of the search space. Local improvement
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Table 6. Coding criteria for X4 concepts.

Code Necessary evidence Sufficient coding evidence Exclusion criteria Typical borderline case Candidate
and decision example
X4 A concrete mechanism A documented procedure Search terminology alone; A faster solver does not X
controlling exploration of a specifies how search training optimization establish X4 unless the
reasoning or proof-search states, branches, or proof alone; runtime mechanism controlling
space. steps are selected, improvements without an reasoning-space
ordered, pruned, or exploration-control exploration is
scheduled. mechanism. documented.
X4 Construction of auxiliary A reported Unsupported intermediate Proposed lemmas require X

X4.

lemmas used in reasoning
or proof search.

Clause selection plus
evidence concerning its
quality.

Removal of candidate
states or branches from
further search.

Selection of a branching
variable, value, or polarity.

lemma-generation
mechanism with
demonstrated or justified
lemma validity.

Comparative empirical or
analytical evidence of
improvement in a named
search-related measure.

A described pruning rule
or mechanism applied
during reasoning.

A documented decision
rule used at search branch
points.

statements merely called
lemmas.

Clause selection with no
supporting quality
evidence.

Reordering or scoring
candidates without
excluding them.

Whole-assignment
prediction or SAT
classification alone.

documented validation or
a validity-preserving
construction.

Better prediction accuracy
alone is insufficient unless
related to the stated

selection-quality measure.

Heuristic pruning may
qualify without
establishing completeness
or soundness.

A core predictor qualifies
here only if its effect on
branching is explicitly

Moriyama et al.
(2023)

Feng et al.
(2024)

Farooque et al.
(2024)

documented.
X4 Heuristic improvement or A reported Merely describing a Branch-variable selection Chen et al.
exploration of candidate assignment-search predictor as heuristic. alone should not receive (2024)
SAT assignments. procedure using local this code unless a distinct
moves, global exploration, assignment-optimization
or both. mechanism is
documented.
X4 Previously established A described storage, Rediscovery without Reusing lemmas within X

lemmas are retained and
subsequently used.

retrieval, and application
mechanism.

reuse; generic caching
unrelated to lemmas.

one run or across runs
qualifies, but the scope is
recorded.

modifies a current assignment through small changes, such as single-variable
flips in GSAT Selman et al. (1992). These strategies are complementary
rather than mutually exclusive. Lemma reuse (X4.6) refers to the ability of
a NeSy framework to store previously established lemmas and apply them
later during proof search.

3.2.5 Learning Robustness Learning robustness (X5) encompasses key
concepts such as logical generalization (X5.1), paradox-resistant training
(X5.2), UNSAT-core prediction (X5.3).

Table 7 specifies their necessary and sufficient coding evidence, exclusion
criteria, borderline-case decisions, and candidate examples for X5 concepts.

Specifically, logical generalization denotes the capability of a NeSy
framework to apply learned logical patterns across domain-agnostic PL
reasoning or proving tasks Chen (2025). Building on this, paradox-resistant
training ensures that the reasoning mechanisms avoid generating paradoxes
during training. UNSAT-core prediction (X5.3) uses learned predictions about
core membership to guide a SAT solver (Selsam and Bjgrner 2019, pp. 336-
338). An UNSAT core is an unsatisfiable subset of the input clauses that
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Table 7. Coding criteria for X5 concepts.

Code Necessary evidence Sufficient coding evidence Exclusion criteria Typical borderline case Candidate

and decision example

X5 An explicit, supported Experiments or analysis Unqualified robustness Performance on another X
learning-related support a defined claims; accuracy scores dataset qualifies only
robustness or robustness/generalization without a defined when the protocol
generalization property property within specified robustness/generalization supports a defined
with a stated scope. evaluation conditions. evaluation; properties generalization claim;

outside the additional scores alone
learning-related scope. are insufficient.

X5.1 A defined generalization Reported successful Same-distribution held-out Transfer to larger formulas Franga et al.
setting beyond the transfer or a formal accuracy alone. qualifies only when the (2014)
training distribution or generalization result in train (test) size distinction
problem regime. that setting. and results are explicit.

X5.2 A precisely defined A training intervention Ordinary UNSAT inputs; If paradox is not Abubakar et al.
targeted plus evidence addressing undefined claims of operationally defined, (2020b)
paradox/inconsistency- that specified failure. paradox resistance. withhold the code and
related training failure. reconsider the category.

X5.3 Learned prediction of core A reported core-prediction Treating predictions as An approximate core Shi et al. (2023)

membership or an
UNSAT-core candidate.

mechanism used for
solver guidance.

established UNSAT
evidence.

predictor qualifies without
producing a valid core or

refutation.

need not be minimal. Predictions about a core provide search guidance, not a
refutation or certificate of unsatisfiability.

3.2.6 Architectural Capability Architectural capability covers algorithmic
alignment X6.1 and logic expressivity (X6.2). Algorithmic alignment concept
refers to the degree to which a learning approach is compatible with PL
syntax. In contrast, logic expressivity records the reported logical syntax or
representation. It does not imply that one normal form has greater expressive
power than another Weitze and Hofacker (1995).

Table 8 specifies the necessary evidence, sufficient coding evidence,
exclusion criteria, and borderline-case decisions for assigning X6 concepts
to surveyed papers.

3.2.7 Soundness and Reliability Soundness guarantee (X7) records a
guarantee, under stated assumptions, that every accepted NeSy reasoning
or proving result in PL is logically valid with respect to the underlying PL
semantics. The scope of the guarantee must be explicit, for example, a proof
calculus. Neither predictive accuracy nor the mere availability of a certificate
format establishes this guarantee.

Reliability (X8) includes robustness (X8.1) and interpretability (X8.2).
Robustness refers to the ability of a NeSy framework to maintain reliable
performance under variations, perturbations, or changes in the operating
environment (Balendran et al. 2025, p. 1). Interpretability denotes the extent
to which a human can understand and reason about the internal structure
and decision-making process of the NeSy framework Pelosi et al. (2025).

Table 9 specifies necessary and sufficient coding evidence, exclusion
criteria, borderline-case decisions, and candidate examples for X7 and X8,
including X8.1, and X 8.2 concepts.
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Table 8. Coding criteria for X6 concepts.

Code Necessary evidence Sufficient coding evidence Exclusion criteria Typical borderline case Candidate

and decision example

X6 An architectural Specified components and Model-family names, A standard architecture X
mechanism explicitly interactions establish how parameter counts, or may qualify when its
linked to the NeSy the architecture supports performance results relevant computation and
framework’s PL a PL operation or without an architecture- PL role are specified;
computation. reasoning task. to-computation link. naming it alone is

insufficient.

X6.1 An explicit operational A documented mapping Merely accepting PL inputs Syntactic alignment Zhang et al.
correspondence between showing how PL variables, or naming a supported qualifies when (2026)
the neural architecture or connectives, clauses, or representation without an operationally
learning procedure and PL formula structure architecture or learning demonstrated.
syntax. determine neural level correspondence. Correspondence with a

components, connectivity, specified reasoning

update rules, or learning algorithm is not required.

operations. Representation support
alone is insufficient for
X 6.1 and should instead
be considered under
X6.2.

X6.2 A specified supported An operational account Broad claims of logical CNF support qualifies as a Nagamatu et al.

logical syntax or
representation.

showing how that
representation is encoded
or processed, including
restrictions.

expressiveness without a
supported language.

representation
characteristic, not
evidence of greater
expressive power than
other PL forms.

(2000)

Table 9. Coding criteria for X7 and X8 concepts.

Code Necessary evidence Sufficient coding evidence Exclusion criteria Typical borderline case Candidate
and decision example
X7 A universal, scoped A formal proof or explicit Accuracy; finite testing; a A component guarantee Seda (2006)
soundness claim and soundness-preservation component theorem with supports only its stated
stated assumptions. argument covering the no justified connection to scope, not unrestricted
accepted outputs in scope. the accepted-output end-to-end soundness.
pathway.
X8 An explicit A mechanism, analysis, or Unqualified reliability Interpretability evidence X
reliability-related property evaluation establishes the claims; confidence scores supporting X 8.2 does
with evidence supporting claimed reliability-related without supporting not also warrant X 8
its stated scope. property within that scope. analysis; merely restating unless a separate claim
an evidenced child meets the direct-parent
property. rule.
X8.1 A specified variation or An appropriate evaluation Standard accuracy without Robustness to one Alzaeemi and
perturbation and evidence or formal result showing variation; untested claims perturbation type does not Sathasivam
of maintained robustness under the of robustness. establish robustness to (2018)
performance. stated conditions. other shifts.
X8.2 An explicit, intelligible A documented inspectable Symbolic components, A faithful static Riegel et al.
correspondence between representation or attention maps, or the representation may (2020)

representations/decisions
and
human-understandable
concepts.

interpretation method with
supporting examples or
evaluation.

word interpretable alone.

qualify; interaction is not
required.

3.3 Y: NeSy Reasoning and Proving Assurance Level in PL

This section describes the Y dimension of the X-Y-Z taxonomy, which
represents the assurance level (Y0) of a NeSy framework for reasoning and
proving tasks in PL, as illustrated in Figure 4. Here, assurance level refers
to the framework’s documented assurance characteristics, rather than an
ordinal ranking. These characteristics include properties and mechanisms,
such as soundness guarantees, proof validation, and certificate support, that
provide grounds for confidence in the correctness and checkability of its
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results. A framework is annotated with the corresponding Y concepts when
the publication provides evidence of these characteristics. A framework need
not exhibit every characteristic included in the Y dimension.

Y0: Assurance level
Y1: Verification
Y1.1: Certificate support
Y1.1.1: Certificate format
Y1.1.2: External verification
Y1.2: Proof validation
Y1.3: Proof compression
Y1.4: Refutation certification
Y1.4.1: UNSAT certification
Y2: Interactive explanation
Y3: Soundness assessment

Figure 4. Y dimension: taxonomy for NeSy reasoning and proving assurance level
3.3.1 \Verification In the taxonomy, verification (Y1) supports the assessment

of correctness in NeSy reasoning and proving through mechanisms such as
certificate support (Y1.1), proof validation (Y1.2), proof compression (Y1.3),

and refutation certification (Y1.4).

Table 10 specifies necessary and sufficient coding evidence, exclusion
criteria, and borderline-case decisions for Y1, Y1.1, Y1.1.1 and Y1.1.2
concepts. These criteria distinguish format support from actual checking.
Supporting a certificate format does not establish that certificates were
checked, and using a separate checker does not imply that the checker itself

is formally verified.

Table 10. Coding criteria for Y1, Y1.1, Y1.1.1 and Y'1.1.2 concepts.

Code Necessary evidence Sufficient coding evidence Exclusion criteria Typical borderline case Candidate
and decision example
Y1 A procedure checking PL The checking procedure or Unexplained “verified” A checking interface may X
results or formal evidence, enabling mechanism is labels; evidence establish facilitation
or a documented operationally specified generation without without an executed check
mechanism facilitating together with its target checking support; solver if its enabling role is
such checking. result or evidence. answers alone. operationally
documented.
Y1.1 Support for an The framework supports Result labels; unlinked A supported checkable Ghanem (2024)
input-associated, an evidence format with traces; informal format need not have
machine-checkable an input link and specified explanations or logs been checked in an
evidence object. machine-checking without experiment; an informal
semantics. machine-checkable log without checking
semantics. semantics is insufficient.
Y111 A concrete representation A named format or Generic statements that Format support does not Ghanem (2024)
for machine-checkable specified evidence certificates could be show that certificates
evidence. structure associated with supported. were checked.
the framework’s outputs.
Y1.1.2 Checking by a verifier Reported execution or Merely naming an A separate checker need (Sun et al.

separate from the
result-producing solver.

integration of that verifier
against the input and
evidence object.

available checker.

not be formally verified;
record that distinction.

2026, Methods)
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Certificate support (Y1.1) records support for a certificate, a machine-
checkable evidence object associated with an input and a claimed result. For
SAT, a model serves as a certificate and can be checked by evaluating the
input formula. For UNSAT, a certificate encodes a refutation, often as a proof
trace that is a structured record of proof-relevant steps in a specified checking
format. A generic execution log, confidence score, or informal explanation
does not by itself constitute a certificate. The narrower concepts distinguish
certificate format (Y1.1.1) from external verification (Y1.1.2).

Certificate format (Y1.1.1) denotes the certificate representation used by
a NeSy framework, for example DRAT format or the earlier DRUP format
Wetzler et al. (2014). For formulas in conjunctive normal form (CNF), DRAT
logs clause additions and deletions.

External verification (Y1.1.2) denotes checking a certificate against the
original input formula using a verifier separate from the solver. For example,
DRAT-trim checks DRAT refutations Wetzler et al. (2014). An independent
checker is not necessarily a formally verified checker, as establishing its
correctness is a separate assurance question Lammich (2020).

Proof validation (Y1.2) records actual checking of a proof or proof trace
against the input and the rules of its proof system, including whether it
establishes the claimed conclusion. Supporting a certificate format alone does
not constitute validation.

Proof compression (Y1.3) refers to a method for efficient handling of
formal proofs in PL Rollini et al. (2014); Gordeev and Haeusler (2019).
Various compression techniques have been developed to reduce the size of
an existing proof in PL, thereby improving the efficiency of proof verification.
Foundational studies, such as Rollini et al. (2014), have specifically examined
resolution-based proof compression in PL.

Proof validation (Y1.2) and proof compression (Y1.3) are sibling concepts
under verification, because validation concerns checking correctness,
whereas compression concerns reducing proof size while preserving validity.

Table 11 specifies necessary and sufficient coding evidence, exclusion
criteria, borderline-case decisions, and candidate examples where available
for proof validation (Y'1.2) and proof compression (Y '1.3).

Table 11. Coding criteria for Y1.2 and Y'1.3 concepts.

Code Necessary evidence Sufficient coding evidence Exclusion criteria Typical borderline case Candidate
and decision example
Y1.2 Actual checking of proof A reported validation Trace generation, format An internal proof checker Amato et al.
steps and the claimed procedure or validation support, or informal qualifies here even if it (2025)
conclusion. results under a specified inspection alone. does not qualify as
proof system. external verification.
Y1.3 A proof-size reduction A documented File compression; Compression does not X
transformation preserving validity-preserving unchecked deletion of imply that a checker was
validity and conclusion. compression method with proof steps. executed afterward.

a reported reduction or
argument.
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Refutation certification (Y1.4) concerns checkable evidence for conclusions
established by contradiction. Its child, UNSAT certification (Y1.4.1), records
provision of a refutation certificate establishing that the input formula has
no model, for example in DRAT format Wetzler et al. (2014). Certificate
generation and successful certificate validation are distinct observations and
are annotated accordingly.

Table 12 specifies the necessary and sufficient coding evidence, exclusion
criteria, and borderline-case decision for Y1.4 and Y1.4.1, alongside a
candidate example.

Table 12. Coding criteria for Y1.4 and Y1.4.1.

Candidate
example

Code Necessary evidence Sufficient coding evidence Exclusion criteria Typical borderline case

and decision

Y1.4 Checkable evidence
supporting a conclusion

An evidence object and
specified checking relation

Bare UNSAT labels;
inconsistency predictions

Refutation generation X
supports Y 1.4 only when

established by
contradiction.

establish how the
contradiction-based
conclusion can be
validated.

without supporting
evidence; contradiction
claims lacking
documented checkability.

the resulting evidence has
a documented checking
relation; an UNSAT
response alone is

insufficient.

Y1.4.1 A documented
certificate-output
mechanism in a specified

checking format.

Provision of a complete Ghanem (2024)
machine-checkable
refutation certificate for

an UNSAT claim.

Bare UNSAT outputs;
predicted cores;
incomplete execution logs.

Certificate provision and
successful certificate
checking are separate
observations.

3.3.2 Interactive Explanation and Soundness Assessment Interactive expla-
nation (Y2) enables step by step, human interpretable traces for NeSy
reasoning or proving result in PL. Unlike explainability approaches that
focus on a PL formula of minimal size that produces the same truth value
as the input PL formula Jaakkola et al. (2025), interactive explanation
emphasizes explanations in natural language combined with symbolic traces
Awolesi (2025). This concept is crucial for NeSy frameworks because it
enhances the interpretability of the results of PL reasoning and proving for
users and fosters trustworthy collaboration between humans and Al. Here,
interactive means that users control which explanations are displayed, for
example by expanding or collapsing steps or requesting clarification. Human-
interpretable means that intended users can understand the reasoning steps
and their connection to the result, which is also possible with non-interactive
reports.

Soundness assessment (Y3) of a NeSy proof system refers to assessing
whether every PL formula that the system can prove from a set of PL formulas
is entailed by that set Smith (2020). If a NeSy proof system is sound, it cannot
derive false conclusions from true premises. Whereas soundness guarantee
(X7) records a reported guarantee of soundness, soundness assessment (Y3)
records the documented methods and evidence used to assess or substantiate
that claim. The same soundness proof may support both annotations, but an
assessment alone does not establish a soundness guarantee.
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Table 13 specifies evidence requirements, exclusions, and borderline
decisions for coding interactive explanation (Y2) and soundness assessment
(Y 3). It distinguishes user-controlled explanations from static outputs and
soundness assessment from predictive accuracy, clarifying that detecting
unsoundness qualifies as assessment but does not establish a soundness
guarantee.

Table 13. Coding criteria for Y2 and Y 3 concepts.

Code Necessary evidence Sufficient coding evidence Exclusion criteria Typical borderline case Candidate
and decision example
Y2 User control over A documented interaction Static explanations; An expandable X
explanations linked to a workflow, interface, or unrelated input controls; explanatory proof viewer
particular result or demonstration showing generic chat interfaces. can qualify; a static proof
reasoning process. that connection. PDF does not.
Y3 A documented A soundness proof, Routine predictive An assessment detecting Roth (1996)

investigation of truth preservation analysis, accuracy without a unsoundness still

preservation or semantic counterexample search, or soundness-specific documents assessment;

correctness within a stated targeted semantic test. assessment. record its negative

scope. outcome and do not assign
X7.

3.4 Z: Evaluation Metric for NeSy Frameworks

This section describes the Z dimension which constitutes the evaluation
metric (Z0), of the X-Y-Z taxonomy. Figure 5 illustrates its structure and
constituent concepts. Concepts (Z1) and (Z2) represent numerical scores for
reasoning and proving capability (X dimension) and assurance (Y dimension),
respectively. Concept (Z3) represents joint coverage, which measures the
combined breadth of capability and assurance concepts assigned to a paper.

Z0: Evaluation metric
Z1: Capability level
Z2: Assurance level
Z3: Joint coverage

Figure 5. Z dimension: evaluation metric for NeSy frameworks

In this survey, evaluation includes both qualitative analysis and quantitative
assessment. Section 4 provides a qualitative comparison of existing literature
reviews and their methodologies and taxonomies. Section 5 qualitatively
analyses the surveyed NeSy frameworks and assigns X and Y concepts
according to the capabilities and assurance properties or mechanisms
reported in the corresponding publications. Section 6 subsequently provides
a quantitative evaluation based on these annotations. Thus, the qualitative
analysis in Section 5 supplies the data from which the Z scores are computed.

The Z scores are therefore derived numerical measures, rather than
concepts assigned directly during annotation. They are not used in Section 4
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because that section compares literature reviews rather than evaluating
individual NeSy frameworks using X and Y concepts. They are not reported
in Section 5 because that section establishes and explains the annotations,
whereas computing the scores requires corpus-wide concept frequencies and
normalization values. The absence of Z scores from its annotation tables
therefore reflects the separation between qualitative annotation and the
subsequent quantitative evaluation in Section 6.

The capability, assurance, and joint coverage scores are computed using
the formal definitions provided in Section 6.1. These scores provide corpus-
relative summaries of the annotated capability and assurance profiles.
The labels capability level and assurance level refer here to the derived
numerical scores. They do not denote hierarchy depth or an ordering of
taxonomy identifiers. A higher score does not by itself establish better
task performance, stronger neurosymbolic integration, or greater soundness.
In particular, joint coverage expresses how broadly a paper covers both
dimensions relative to the maximum coverage observed in the surveyed
corpus.

4 Existing Surveys

This section provides an overview of existing survey and review papers on
NeSy Al In particular, it examines the taxonomies proposed in these works
and discusses how NeSy frameworks are classified using these taxonomies
with respect to reasoning and proving capabilities and assurance levels in PL.
The analysis is based on publications retrieved via a SPARQL query executed
against the Digital Bibliography & Library Project (DBLP) SPARQL endpoint.
The query and its results are publicly available in a GitLab repository,
referenced in Listing 2 of Appendix A.1.

In total, 76 papers published between 1971 and 2025 were retrieved
and analyzed. Of those, 26 are survey or review papers focused on NeSy
frameworks. Tables 14 and 15 summarize the classification taxonomies used
in 26 survey and review papers on NeSy Al and their alignment with the X-Y-Z
taxonomy.

Figure 6 shows a Venn diagram that illustrates survey papers that use more
than one classification system to categorize NeSy frameworks, based on data
in Tables 14 and 15. The X and Y dimensions are also used to highlight the
reasoning and proving capabilities or assurance levels in PL of the NeSy
frameworks discussed in the research papers cited by these surveys and
reviews. Notably, some survey and review articles listed in Tables 14, such as
Colelough and Regli (2025), do not clearly explain the reasoning and proving
capabilities or assurance levels in PL that are already discussed in the primary
works they reference. The alignment between the classifications (taxonomies)
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employed in these survey papers and the X and Y dimensions addresses this

gap.

Table 14. Taxonomies employed in survey papers on NeSy Al and their alignment
with the X-Y-Z taxonomy (continued in Table 15)

ID Taxonomy Survey Dimensions XandY
name papers within concept
taxonomy
1. PRISMA Colelough and Regli (2025) 1. Logic and reasoning X1.1
methodology Page
etal. (2021)
McGuinness 2. Learning and inference X3.1.2.1
(2021)
3. Explainability & trustworthiness Y2
4. Knowledge representation Y3
2. Task-directed Delvecchio et al. (2025) 1. Rule mining Y2
NeSy taxonomy
2. Rule enforcement
3. Program synthesis
3. H. Kautz’'s Delong et al. (2025) 1. K-1:Symbolic Neuro Symbolic See Table 16
taxonomy Kautz
(2022)
Fitas (2025) 2. K-2:Symbolic[Neuro]
Wan et al. (2024) 3. K-3:Neuro|Symbolic
Renkhoff et al. (2024) 4. K-4:Neuro:Symbolic — Neuro
Hamilton et al. (2022) 5. K-5:Neuro_[Symbolic]
Bhuyan et al. (2024) 6. K-6:Neuro[Symbolic]
Acharya et al. (2023)
Lamb et al. (2020)
4. ESI nomenclature (Hamilton et al. 2022, p. 25, Figure 28) 1. Ensemble X
2. Sequential
3. Integrated
3.1 Nested
3.2 Cooperative
3.3 Compiled
5. LLR taxonomy Delong et al. (2025) 1. Logically informed embedding See Table 16
approaches
2. Learning With Logical Constraints
3. Rule learning for knowledge graph
completion
6. KR taxonomy Cheng et al. (2025) 1. Knowledge graph completion X1.1
2. Rule learning dimension X3.2,X3.1.1
7. Natural language Akter et al. (2025) 1. Tasks X1.1,
processing
taxonomy
2. Paradigm X5.1, X3.1.1
8. SWOT Nawaz et al. (2025) 1. Strengths X1.1
methodology
2. Weaknesses X2.1, X3.1
3. Opportunities Y3
4. Threats
9. G-L-based Bizzarri et al. (2025) 1. Graph-based representation X
representation
2. Logic-based representation
10. A3PO taxonomy Li etal. (2024) 1. Autoformalization X
2. Premise selection
3. Proof-step generation
4. Proof search
5. Other tasks
11. NeSy Wang et al. (2024b) 1. Functionality X
four-dimensional
taxonomy
2. Knowledge embedding
3. Knowledge representation

IS

. Neural-symbolic integration

798 The Preferred Reporting Items for Systematic Reviews and Meta-Analyses
799 (PRISMA) 2020 framework is a widely adopted methodology for reporting
g0 Systematic reviews Page et al. (2021). According to the most recent iteration
son  of the PRISMA 2020 statement, the checklist comprises 27 items, while
s the abstract section is subject to 12 additional requirements McGuinness
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Table 15. Taxonomies employed in survey papers on NeSy Al. Alignment taxonomies
used in the survey papers with X-Y-Z taxonomy.

ID Taxonomy Survey Dimensions XandY
name papers within taxonomy concept
12. NeSy-7 taxonomy Marra et al. (2024) 1. The approach to logical inference. X

2. The syntax of the logical theories used.

3. The logical semantics of the

systems and their extensions to facilitate learning.
4. The scope of learning, encompassing either
parameter or structure learning.

5. The presence of symbolic and

subsymbolic representations.

6. The degree to which systems

capture the original logic,

probabilistic, and

neural paradigms.

7. The classes of learning

tasks that the systems perform

13. Yu’s taxonomy Yu et al. (2023) 1. Learning for reasoning See Table 17
Renkhoff et al. (2024) 2. Reasoning for learning See Table 18
Hamilton et al. (2022) 3. Learning-reasoning

Acharya et al. (2023)

14. KLREA taxonomy Gibaut et al. (2023) 1. Knowledge representation X
2. Learning
3. Reasoning
4. Explainability and trustworthiness
5. Applications
15. X Besold et al. (2021) X X
16. X Berlot-Attwell (2021) X X
17. KRERL taxonomy (Garcez et al. 2019, p. 627, Figure 5) 1. Knowledge Representation X
2. Extraction
3. Reasoning
4. Learning
18. ADT taxonomy Townsend et al. (2019) 1. Quality X
Andrews et al. (1995) 2. Expressive power
3. Translucency of the network
4. Portability
5. Complexity
19. ILU taxonomy Bader and Hitzler (2005) 1. Interrelation X
Acharya et al. (2023) 2. Language
Bouneffouf and Aggarwal (2022) 3. Usage

(2021). The objective of these modifications is to ensure the transparency
of scholarly review methodologies. Using the PRISMA methodology, the
authors of Colelough and Regli (2025) conducted a systematic review
of NeSy Al projects published between 2020 and 2024. The review is
structured along four fundamental dimensions, as outlined in Table 14. The
authors placed particular emphasis on logic and reasoning within the broader
context of NeSy Al In the context of the aforementioned dimension, the
authors undertake a comprehensive examination of eight NeSy frameworks
(Colelough and Regli 2025, p. 6, Figure 2). The following trends in NeSy
Al research were identified as being of particular significance for logic and
reasoning. First, the integration of formal logic and probabilistic models
is essential for supporting more robust decision-making processes (X1.1:
satisfiability decision; Y3: soundness assessment). Second, the incorporation
of metacognitive mechanisms should help NeSy frameworks adapt their
reasoning strategies (X3.1.2.1: strategy monitoring). This adaptation should
enhance the interpretability and clarity of explanations (Y2: interactive
explanation).
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However, the review does not offer a detailed assessment of which PL
reasoning or proving methods (X3.1.1: solution method) or which types of
formal verification (Y1: verification) are actually supported by the reviewed
NeSy frameworks. For example, the authors cite Chanin and Hunter (2023)
to illustrate the integration of NeSy frameworks with autonomous systems,
but in the same work Chanin and Hunter (2023), to support decision-
making, the authors implemented a resolution procedure with non-binary
unification (X3.1.1.2: resolution) and used a NeSy theorem prover to query
formulas expressed in a formal logic and to conduct reasoning (X5.1: logical
generalization; X3.1.1: solution method) over these formulas derived from
text written in a natural language.

The task-directed NeSy taxonomy proposed in Delvecchio et al. (2025)
classifies NeSy approaches into three categories: rule mining, rule
enforcement, and program synthesis. This taxonomy provides the organizing
structure for surveying papers published between 2017 and 2024. A central
research question in the survey concerns how symbolic components can be
integrated with neural networks such as solvers to enhance explainability
(Y2: interactive explanation) and reasoning capabilities. The survey does
not focus exclusively on NeSy reasoning or theorem proving in PL. In the
context of rule mining, the survey highlights the role of Horn clauses,
originally developed in PL, which serve to represent structured knowledge
and enable reasoning across domains such as medicine. The survey also
discusses propositionalization, understood as the transformation of relational
data into vectorized representations suitable for neural learning. Crucially,
propositionalization is not equivalent to translating relational data into
PL formulas. Within the rule enforcement category, the survey discusses
NeSy regularization strategies Ahmed et al. (2022), as well as reasoning
approaches based on first-order logic (Barwise 1977, p. 17, Section 3) and
probabilistic logic Nilsson (1986), particularly in the context of enhancing
explainability. Finally, within the program synthesis category, the survey
describes examples of using the Prover9 solver McCune (2005-2010) in
semantic parsing pipelines.

According to Kautz’s taxonomy, NeSy architectures are classified into six
types Kautz (2022). For an overview of the six types of NeSy architectures, see
the summary in the first paragraph of Section 3.3 of Bizzarri et al. (2025). For
a more detailed exposition of this topic, please refer to the original work Kautz
(2022). As illustrated in Table 14, eight scholarly articles are enumerated that
adapt Kautz’s taxonomy (from K-1 to K-6) to survey NeSy frameworks. An
exhaustive exposition of the mappings between Kautz’s taxonomy and the X
and Y concepts is provided in Table 16, encompassing seven of these eight
survey papers.
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Table 16. Mapping between categories of Kautz's taxonomy and the X and Y concepts
across survey papers that employ Kautz's taxonomy.

D Reference K-1 K-2 K-3 K-4 K5 K-6 Comment
1 Delong et al. (2025) X X X X1.1, X3.1.1 X X3.1.1
2 Fitas (2025) X X X X X X
3 Wan et al. (2024) X X X X X X8.1, X8.2,
4 Renkhoff et al. (2024) X X X3.1.1, X1.1 X X X1.1,
Y3, X3.1.1
X7
5 Hamilton et al. (2022) X X X X X X
6 Bhuyan et al. (2024) X6.2 X X X1.1 X X see Table 20
7 Lamb et al. (2020) X X X X X X

—  Kautz’s taxonomy
LLR taxonomy

——  Yu's taxonomy

—  ESI taxonomy
ILU taxonomy

1. Renkhoff et al. (2024)
2. Delong et al. (2025)
3. Hamilton et al. (2022)
4. Acharya et al. (2023)

Figure 6. Venn diagram illustrating survey papers that use multiple taxonomies to
categorize NeSy frameworks, derived from Tables 14 and 15.

A comprehensive survey into the application of NeSy AI methodologies
for reasoning over knowledge graphs is presented in the study Delong
et al. (2025). The authors propose a novel taxonomy to describe NeSy Al
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approaches for reasoning over knowledge graphs. As illustrated in Figure 1
of the survey Delong et al. (2025) and listed in entry 5 of Table 14,
this taxonomy is organized into three main categories: logically informed
embedding approaches, learning with logical constraints, and rule learning
for knowledge graph completion.

Each category is comprised of one or more subgroups, which correspond to
specific types of Kautz’s taxonomy. To reference these subgroups in this paper,
the notation category id(K-n) is used, where n denotes the associated type in
Kautz’s taxonomy. For instance, A(K-3) denotes a group of NeSy frameworks
within Kautz’s type K-3 category that corresponds to category A. In the
background section, the survey describes PL Horn clauses. Within the A(K-4)
subgroup, the authors highlight how Horn clauses and the forward-chaining
method (X3.1.1: solution method) are used in knowledge graph augmentation
(Delong et al. 2025, Subsection IV-A.2). The authors discuss the application
of Horn clauses in rule mining (Delong et al. 2025, Subsection IV-C). There
is no evidence in the survey paper Delong et al. (2025) that Horn clauses
expressed in PL play a role in rule mining or knowledge graph augmentation.
Within the B(K-6) subgroup, the authors cite work on the graph collaborative
reasoning method Chen et al. (2022), which translates knowledge graph
structure into formulas in a formal logic (Delong et al. 2025, Subsection IV-
B.2). In the survey Delong et al. (2025) the authors do not specify that these
formulas translated from knowledge graphs are expressed in PL. Theorem 1
in (Chen et al. 2022, p. 77, Theorem 1) establishes the conditions under which
these PL formulas are true or false (X3.1.1: solution method). However, the
survey Delong et al. (2025) does not examine how theorem proving methods
can be applied to knowledge graphs in a NeSy theorem proving context.
In the broader NeSy sense, the application of theorem proving techniques
in knowledge graphs still remains largely underexplored, particularly in
the context of verifying the soundness (Y3 : soundness assessment). The
utilization of such methodologies has the potential to facilitate tasks such as
rule-guided embeddings (Delong et al. 2025, Subsection IV-A.2) by facilitating
the implementation of methods for solving Horn constraints Unno et al.
(2017). Furthermore, the integration of proof compression techniques (Y1.3:
proof compression) can directly reduce the size of derived proofs in PL.
As demonstrated in Heule et al. (2013), causal-proof trimming and related
optimizations yield shorter proofs in PL (Heule et al. 2013, Section III).
These optimizations have the potential to enhance the interpretability and
verifiability of reasoning processes applied to knowledge graphs. In addition,
an important study on theorem proving over knowledge graphs Li et al.
(2025), introduces KG-Prover, which integrates a mathematical knowledge
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graph with a large language model and the Lean proof assistant de Moura
et al. (2015) to generate and verify formal proofs (Y1.2: proof validation).

In the paper Fitas (2025), the author undertakes an extensive review of
NeSy Al techniques and their applications in signal and image processing.
The survey is organized according to Kautz’s six dimensions, which are
based on the level of integration between symbolic reasoning and neural
networks (see Table 14, and Table 16). In the review of NeSy Al applications
in multimedia, vision, and entertainment, the author describes a NeSy
framework, called Laser Huang et al. (2025). This framework aligns raw video
clips with PL for the purpose of improving semantic video understanding.
However, in this specific instance, the author does not expound upon the
manner in which NeSy reasoning in PL is manifested within the Laser
framework. The present review makes no mention of NeSy theorem proving
in PL.

The paper Wan et al. (2024) provides a concise survey of cognitive Al
systems, focusing on NeSy Al algorithms. While Kautz’s taxonomy Kautz
(2022) defines six NeSy architectures, the survey employs a subset of five
categories to structure its analysis of NeSy Al algorithms. This classification
serves as a useful entry point for readers seeking to navigate the landscape of
NeSy algorithms. However, the survey does not undertake a comprehensive
examination of NeSy reasoning capabilities. Additionally, it does not address
NeSy theorem proving as a discrete research domain. For instance, within the
K-5 category, the authors cite Garcez et al. (2019), but they do not discuss the
propositionalization component emphasized in that paper. The importance
of explainability (X8.2: interpretability) and robustness (X8.1: robustness)
of symbolic reasoning is discussed within the K-6 category. The survey is
relevant to reasoning-focused NeSy research, but it provides limited detail
about how the reviewed systems perform reasoning.

The paper Lamb et al. (2020) adopts Kautz’'s taxonomy to review the use of
GNNs as a model for NeSy computing, including the review of the application
of GNNs in different domains. However, inference, reasoning, and proving in
PL are not explicitly discussed within the categories of Kautz’s taxonomy (see
Table 16), but they are discussed in the context of the relationship between
GNNs and NeSy computing (Lamb et al. 2020, p. 2-5, Section 3).

However, Table 15 lists four papers that utilize Yu’s taxonomy Yu et al.
(2023). Table 17, in turn, illustrates methods that utilize PL in NeSy
frameworks described in Yu et al. (2023). Table 18 presents a detailed
mapping between Yu’s taxonomy and the X and Y concepts across survey
papers that adopt Yu’s taxonomy. Yu’'s taxonomy is predicated on the
integration mode between neural and symbolic systems. The tree in Figure
7 presents Yu’'s taxonomy, which classifies NeSy learning frameworks into
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three distinct categories: learning for reasoning, reasoning for learning,
and learning-reasoning (Yu et al. 2023, p. 109, Table 2). Each category is
associated with one or more methods, represented as leaf nodes in the tree
shown in Figure 7.

Yu's taxonomy

- -

Learning-reasoning Reasoning for learning Learning for reasoning

Interacting Transferring Regularizing (regularization) Abstracting Accelerating

Figure 7. Methods assigned to categories in Yu’'s taxonomy, derived from (Yu et al.
2023, p. 109, Table 2)

Table 17. Methods that utilize PL in NeSy frameworks within categories across Yu's
taxonomy Yu et al. (2023).

ID Reference Learning Reasoning Learning-
for for -Reasoning
Reasoning Learning
1 Xu et al. (2018) X regularization X
(semantic loss)
2 Silva and Gombolay (2021) x transferring X

In survey (Yu et al. 2023, pp. 113-114, Section 3.2.1.), the authors describe
semantic loss as a regularization approach within the reasoning for learning
category (see Figure 7), stating that it utilizes PL reasoning (X1.2: logical
consequence, see Table 18) to improve the learning ability of neural networks
Xu et al. (2018). However, the survey does not mention which PL reasoning
methods are employed. A closer look at the original paper that describes
semantic loss reveals that the PL statement, expressed in CNF, is used as
input to weighted model counting (WMC) procedure (Belle 2017, p. 4, Section
2.2) to compute semantic loss (Xu et al. 2018, p. 114, Section 5.1, Figure 3).
From a formal logic perspective, WMC is a PL inference method rather than
a reasoning method Chavira and Darwiche (2008).

The survey Acharya et al. (2023) uses Yu’'s taxonomy to categorize NeSy
reinforcement learning frameworks. However, as illustrated in Table 14, the
survey also highlights Kautz’'s taxonomy (Acharya et al. 2023, p. 1942, see
Table I, Table II). The survey describes work on Propositional Logic Nets
(PROLONETS) Silva and Gombolay (2021) that encodes domain knowledge
written in PL into a neural network, but the authors do not describe
the reasoning and proving capability or assurance level of such NeSy
reinforcement learning frameworks, which is marked as x in Table 18.
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However, in the survey (Yu et al. 2023, p. 116-117, Section 3.2.1., Figure 13)
the authors describe NeSy framework Silva and Gombolay (2021) that utilizes
a transferring method within the reasoning for learning category of Yu’s
taxonomy (see Table 17), and the authors claim that PROLONETS encodes
PL statements in neural networks to improve their reasoning capabilities.

Table 18. Mapping between Yu’'s taxonomy and the X and Y concepts across survey
papers that employ Yu's taxonomy Yu et al. (2023).

ID Reference Learning Reasoning Learning-
for for -Reasoning
Reasoning Learning

1 VYuetal. (2023) X X1.2 X

2 Acharya et al. (2023) X X X

3 Renkhoff et al. (2024) X1.1, X X1.1
X3.1.1

The survey Renkhoff et al. (2024) aligns the taxonomies proposed by
Kautz (2022) and Yu et al. (2023) to describe how NeSy frameworks support
validation & verification, as well as testing & evaluation. Table 19 provides
a comprehensive overview of the aforementioned alignment, presenting the
NeSy frameworks belonging to categories of Kautz’s and Yu’s taxonomies, as
categorized in the survey Renkhoff et al. (2024). For instance, the original
work Manhaeve et al. (2018) introduces DeepProblLog as a programming
language that integrates probabilistic logic inference and deep learning
techniques.

Table 19. NeSy frameworks classified according to the taxonomies of Kautz (2022)
and Yu et al. (2023), as reported in the survey Renkhoff et al. (2024).

ID Kautz's Yu's NeSy
taxonomy taxonomy framework

1. K-2:Symbolic[Neuro] Learning for Reasoning AlphaGo Zero Silver et al. (2017)

2. K-3:Neuro|Symbolic Learning for Reasoning DeepProbLog Manhaeve et al. (2018)
or Learning-Reasoning

3. K-6:Neuro[Symbolic] Learning for Reasoning Shield Alshiekh et al. (2018)
or Learning-Reasoning

However, the survey (Yu et al. 2023, p. 5, Table 2) classifies DeepProbLog
under the Learning-Reasoning category, whereas (Renkhoff et al. 2024,
p. 10) places it in the Learning for Reasoning category. This flexibility
in categorizing NeSy frameworks underscores the interpretative nature of
such assignments, which often supersedes absolute interpretation. Readers,
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including PhD students and practitioners, should treat these classifications
as informed estimations or approximations, reflecting the reasoning behind
why a particular NeSy framework fits into a certain category. Since different
authors may apply different criteria, mismatches in taxonomy assignments
are to be expected.

The survey (Renkhoff et al. 2024, p. 2) characterizes validation and
verification as processes that ensure software meets required quality and
reliability standards. Testing and evaluation are described as methods
for conducting these processes (Y1.1: certificate support). Within this
context, PL is introduced as a logical foundation that supports validation &
verification (Y1.2: proof validation; Y1.1: certificate support). To establish this
connection with precision, the authors map validation and verification tasks
to corresponding reasoning mechanisms in PL. The validation of the symbolic
component of NeSy Al is tied to logical concepts in PL such as validity and
soundness (Y3: soundness assessment; X7: soundness guarantee). Other PL-
related concepts, including decidability, truth tables, and semantic tableaux,
are also discussed in (Renkhoff et al. 2024, Section IV-A ). Notably, semantic
tableaux in PL can be mapped both to fundamental decision procedures in
PL (X1.1: satisfiability decision) and to reasoning methods (X3.1.1: solution
method) concepts. These concepts are also used in the verification of the
symbolic part of NeSy Al (Renkhoff et al. 2024, Sections IV-B ). In summary,
the survey is pertinent to the broader AI community because it illuminates
the manner in which reasoning mechanisms in PL support validation and
verification of NeSy frameworks. As an illustrative example, the authors cite
DeepProbLog (Renkhoff et al. 2024, p. 10) to show how semantic tableaux in
PL (X3.1.1: solution method) can be applied within the verification process.
While the survey clearly demonstrates the role of PL-based reasoning in
NeSy frameworks such as DeepProbLog, this connection becomes less explicit
when considering other NeSy approaches discussed in the survey. Following
the categorization reported in the survey Renkhoff et al. (2024), the work
Alshiekh et al. (2018) is classified under the K-6 and Learning for Reasoning
(Learning-Reasoning) categories (see Table 19). Based on the classification of
NeSy frameworks in Renkhoff et al. (2024), mappings from the corresponding
K-6 and Learning for Reasoning (Learning-Reasoning) categories to the X and
Y concepts are illustrated in Table 16 and Table 18. In the aforementioned
work Alshiekh et al. (2018), a reactive system, known as Shield, is utilized
as a computational model that monitors the learning process and performs
corrective actions when a chosen action violates a predetermined learning
specification (Alshiekh et al. 2018, see Abstract). Notably, the survey does
not address the fact that propositions in PL are used to model the inputs and
the outputs of the reactive system (Alshiekh et al. 2018, p. 3). The truth value
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assignment (X1.1: satisfiability decision) is employed to validate the inputs
and the outputs of the reactive system.

The structured review Hamilton et al. (2022) examines NeSy frameworks
for natural language processing (NLP). The review aims to answer the
question of whether these NeSy frameworks meet the authors’ descriptions
and promises, which include reasoning, out-of-distribution generalization,
interpretability, effective learning and reasoning from limited data, and
transferability across domains (Hamilton et al. 2022, see Abstract). The
review incorporates Kautz’s taxonomy within a nomenclature (see Table
14) to categorize NeSy frameworks. However, the review highlights Yu’s
taxonomy. Readers are referred to Figures 28-34 in (Hamilton et al. 2022,
pp. 25-28), which provide clear and unambiguous visualizations of all
categories within the nomenclature used for categorizing NeSy frameworks
for NLP. In the review, the authors clearly divide NeSy reasoning into model-
based and theorem proving approaches (Hamilton et al. 2022, p. 8). However,
authors reveal in the review that there are discrepancies in the definition of
reasoning and variation in its implementation within NeSy AI. The authors
cite early NeSy frameworks such as KBANN Towell and Shavlik (1994) and
CILP d’Avila Garcez et al. (2012) that embed PL in neural networks (Hamilton
et al. 2022, Figures 28-34, p. 7). However, authors cited SHRUTI Wendelken
and Shastri (2004) and Neural Theorem Prover (NTP) Rocktaschel and Riedel
(2016) as NeSy theorem-proving frameworks, but authors did not describe
what type of proving these frameworks can perform.

The survey Bhuyan et al. (2024) provides an overview of NeSy
implementations, categorizing them by integration type, application domain,
system properties, and contribution category, as illustrated in (Bhuyan
et al. 2024, p. 12813, Figure 3). Reasoning paradigms such as deductive,
inductive, combinatorial, common sense, and abductive Garcez et al. (2007)
are described under the system properties category (Bhuyan et al. 2024,
p. 12817, Figure 6). To organize NeSy implementations by integration
type, the authors adopt Kautz’s taxonomy Kautz (2022). For each category
in this taxonomy, the survey describes how individual NeSy frameworks
employ these reasoning methods. Based on the categorization given in
Bhuyan et al. (2024), Table 20 summarizes the reasoning paradigms and
the number of cited works associated with PL across Kautz’'s taxonomy.
An unspecified reasoning paradigm is marked with x. Moreover, the table
illustrates the mappings from PL-based reasoning methods utilized by these
NeSy frameworks to X and Y concepts. Overall, Table 20 shows that the survey
Bhuyan et al. (2024) cites 28 papers that are associated with PL, either as a
representational language or as an active component of the NeSy reasoning
process.
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Table 20. Reasoning paradigms or methods utilized in NeSy frameworks across
Kautz’s taxonomy based on survey Bhuyan et al. (2024) .

ID Category in Inference / reasoning Number of NeSy frameworks XandY
Kautz's paradigm / method NeSy frameworks cited in Bhuyan et al. (2024) concept
taxonomy cited in Bhuyan et al. (2024) that are that use PL

associated with PL reasoning
1. K-1 Deductive 0 Staffa et al. (2011) X6.2
Common sense 0 X X
2. K-2 Case-based 6 X X
X 2 X X
3. K-3 Deductive 2 X X
X 1 X X
4. K-4 Constraint-based 0 X X
Case-based 2 X X
Neurule 1 X X
X 9 Hatzilygeroudis and Prentzas (2000) X1.1
5. K-5 Case-based 2 X X
Deductive 1 X X
Common Sense 1 X X
X 1 X X
6. K-6 X 0 X X
TOTAL: 28

The authors highlight that K-1 type NeSy frameworks employ deductive
(Bhuyan et al. 2024, p. 12819, Section 2.3.1) and common sense (Bhuyan et al.
2024, p. 12826, Table 7) reasoning methods (see ID 1 in Table 20). However,
the role of PL in NeSy reasoning is not explicitly discussed within the K-1
category of Kautz’s taxonomy, as indicated by the zero entries in the fourth
column of Table 20. The survey also does not cite any NeSy frameworks
that leverage a formal logic for deductive reasoning or in connection to
common sense reasoning (Bhuyan et al. 2024, p. 12826, row 4 in Table 7).
Notably, the survey cites Staffa et al. (2011) as a K-1 type of NeSy framework.
However, it does not mention the use of PL reasoning or representation in that
framework. In contrast, Staffa et al. (2011) clearly describes using PL as a
basis for reasoning in this framework by translating PL into a neural network
implementation (X6.2: logic expressivity) (Staffa et al. 2011, p. 2). Therefore,
the fifth column in Table 20 contains the reference to Staffa et al. (2011) to
reflect its use of PL. The authors cite eight NeSy frameworks within the K-2
category and claim that they use PL (Bhuyan et al. 2024, p. 12827, Table 8).
Of the eight cited NeSy frameworks, two do not have associated reasoning
methods (marked as x in Table 20 and in (Bhuyan et al. 2024, p. 12827,
Table 8)). As illustrated in Table 20, three NeSy frameworks are cited in
the survey (Bhuyan et al. 2024, p. 12828, Table 9) and are thus classified
within the K-3 category of Kautz’s taxonomy. Of the three NeSy frameworks
under consideration, two have been assigned to PL and employ a deductive
reasoning paradigm. The survey cites Kraetzschmar et al. (1998) and asserts
that the framework employs PL. However, the underlying reasoning paradigm
remains unspecified (Bhuyan et al. 2024, Reasoning column, row 1 marked as
x in Table 9). Notably, the NeSy frameworks associated with PL in the survey
(Bhuyan et al. 2024, p. 12827, Table 8; p. 12828, Table 9) do not actually
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employ PL reasoning methods. These examples demonstrate that readers
should not equate the presence of symbolic components with a reasoning
method in a NeSy framework. The K-4 category encompasses a total of 12
cited papers in the domain of NeSy Al, all of which are associated with
PL (Bhuyan et al. 2024, p. 12829, Table 10). As shown in Table 20, nine
of the twelve cited NeSy frameworks do not have an associated reasoning
method. However, within the K-4 category, the authors cite the work in
Hatzilygeroudis and Prentzas (2000) and classify it as a NeSy framework
without reasoning support. This assignment is questionable, as that work
employs DNF in PL to express rules and truth tables (X1.1: satisfiability
decision), which function as a reasoning mechanism in the training set
specification process (Hatzilygeroudis and Prentzas 2000, p. 7, Section 3.2).
In survey (Bhuyan et al. 2024, p. 12829, Table 10), Neurule is categorized
as an inference method (see Table 20). However, Neurule is a framework
that employs a hybrid inference mechanism based on a backward-chaining
strategy (Hatzilygeroudis and Prentzas 2000, p. 11, Section 4.1, Section
4.3). The survey cites five NeSy frameworks belonging to the K-5 category
that are associated with PL (Bhuyan et al. 2024, p. 12830, Table 11). As
illustrated in Table 20, four of these aforementioned NeSy frameworks have
been assigned a reasoning paradigm or method. The remaining framework
has not been assigned a reasoning paradigm and is marked with x. Notably,
not every framework in the K-6 category employs PL or reasoning methods
in PL. In the context of Kautz’s taxonomy, the existing literature includes
studies on the encoding of PL within the KBANN neural architecture Towell
and Shavlik (1994) and on embedding PL utilizing the translation technique
CIL?P Garcez and Zaverucha (1999). However, these two NeSy frameworks
are not included in Kautz’s taxonomy (Bhuyan et al. 2024, p. 12820, Table 6).
The survey paper makes no mention of theorem proving as a component of
any NeSy framework.

Nevertheless, a thorough examination of NeSy knowledge graph reasoning
methods is provided in Cheng et al. (2025), thereby complementing the
previously discussed survey Delong et al. (2025) (see ID 1 in Table 16). The
authors of the study propose a taxonomy that is organized into two broad
categories: knowledge graph completion and rule learning (Cheng et al. 2025,
p. 225:4, Figure 2). The work systematically summarizes the intersection of
neural networks and symbolic reasoning for knowledge graph reasoning tasks
(Cheng et al. 2025, p. 225:3, Table 1). The survey also introduces PL (Boolean)
reasoning (X1.1: satisfiability decision) as part of the symbolic reasoning
section. It is acknowledged that PL possesses the theoretical capacity to
support knowledge graph completion. The authors further highlight the role
of the propositional maximum satisfiability problem (MaxSAT) (Bonet et al.
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2007, see Abstract) (X3.2: MaxSAT optimization) method as an optimization-
oriented reasoning technique. The survey’s findings within the rule learning
category indicate that there is no evidence of the application of NeSy theorem
proving techniques in the joint learning of embeddings of symbols and
interpretable logical rules from knowledge graphs (Cheng et al. 2025, p. 32).

A review of NeSy approaches in the domain of natural language processing
(NLP) is presented by Akter et al. (2025). The authors have structured their
review into tasks and paradigm dimensions, as illustrated in Figure 1 of
their work Akter et al. (2025). Within the paradigm dimension, the review
highlights methodologies that integrate a formal logic into neural networks
to enhance NeSy reasoning capabilities (X5.1: logical generalization). For
example, some approaches incorporate the PL implication A —+ B with the
goal of enabling neural networks to approximate truth value assignment
(X1.1: satisfiability decision). In another line of work, discussed by the
authors, a proposition A A B is represented as a vector, and a neural network
is then trained to learn the logical conjunction operation as a function,
denoted as f(A, B). This function effectively implements PL reasoning within
a vector space (X3.1.1: solution method). By combining the reasoning power
of symbolic logic with the flexibility and learning capacity of neural networks,
these methods enable NeSy PL reasoning (X5.1: logical generalization) in NLP
tasks.

As was the case in the preceding review, the present one addresses
the impact of NeSy frameworks on advanced cognitive systems in domains
such as NLP robotics, and decision-making Nawaz et al. (2025). The
review employs the SWOT (strengths, weaknesses, opportunities, threats)
methodology to analyze five extant NeSy AI models. In the context of
NeSy reasoning and theorem proving, the present review focuses on NeSy
reasoning based on first-order and probabilistic logics, as well as neural
theorem proving. Nonetheless, the authors cited work that employs the
DeepProbLog model Manhaeve et al. (2018). However, they do not delve
into the role of PL reasoning within DeepProbLog. In the aforementioned
work, the ground logic program is rewritten in PL to define the truth value
(X1.1: satisfiability decision) of the query in terms of the truth values of
probabilistic facts (Manhaeve et al. 2018, p. 7, Section 4.1). In the review,
the authors also emphasize the innovative nature of neural theorem proving
methods, which integrate neural networks with theorem proving, contingent
upon formal logic. However, the review does not emphasize the central role
of PL reasoning in neural theorem proving approaches (X1.1: satisfiability
decision). The authors cited the work of Riegel et al. (2020) as being
directly relevant to neural theorem proving. The research demonstrates how
NeSy reasoning grounded in PL is embedded into the model architecture of
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logical neural networks (X2.1: satisfiability witness generation; X3.1: logical
strategy). This integration enables the convergence of an inference algorithm
with recursive directional graph traversal (Algorithm 3 in Riegel et al. (2020))
in finite time for the PL case (Y3: soundness assessment).

A survey of NeSy approaches for Network Intrusion Detection Systems
(NIDS), accompanied by a critical analysis, is presented in Bizzarri et al.
(2025). The authors primarily employ a two-dimensional categorization
scheme to differentiate NeSy frameworks, distinguishing between logic-
based and graph-based representations. In the survey, the authors describe
the usage of PL in the NIDS frameworks to express rules in if-then form,
that is, as PL implications (p — ¢). For instance, the authors cited a NeSy
framework named ODXU Sander et al. (2024) that utilizes PL to express
decision trees, thereby enhancing the decision-making process. Nevertheless,
the utilization of NeSy reasoning and proving capability or assurance level in
PL within NIDS remains unaddressed.

The paper Li et al. (2024) presents a survey of deep learning for theorem
proving. The authors highlight that Boolean satisfiability (SAT) solvers play a
key role in theorem proving by handling PL, but in the rest of the paper, they
do not discuss the proving assurance mechanisms in PL supported by NeSy
frameworks.

A four-dimensional taxonomy is employed in the survey by Wang et al.
(2024Db) to classify NeSy frameworks. One of these dimensions, knowledge
representation, includes the use of PL. Notably, the survey does not specify
how NeSy frameworks realize reasoning capabilities or achieve particular
proving assurance levels. Instead, PL is discussed primarily in terms of its
contribution to improving the performance of semi-supervised classification
and its capacity to express rules.

The paper Marra et al. (2024) surveys how reasoning and neural networks
are combined, as well as how formal logic is combined with graphical
probabilistic models (called StatAl frameworks). Authors use seven shared
dimensions (see ID 12 in Table 15) to characterize these frameworks. The
authors describe the SAT problem for PL (Marra et al. 2024, p. 4, Section 2)
as one of the most fundamental problems in computer science, but they did
not explore how the reasoning and proving capability or assurance level in PL
affects the properties of NeSy or StatAl frameworks.

The paper Gibaut et al. (2023) surveys NeSy frameworks from five different
angles (see ID 14 in Table 15). The authors explain that Logical Boltzmann
Machines (LBM) Tran and Garcez (2023) can represent any PL formula
(Gibaut et al. 2023, p. 5, Section 2). However, this topic is discussed in
detail in Section 5 of this paper. Overall, the authors do not discuss how
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well reasoning and proving capability or assurance level in PL is achieved
in surveyed NeSy frameworks.

A comprehensive survey on NeSy learning and reasoning is given in Besold
et al. (2021). PL is discussed as a means of expressing problems in neural
networks as sets of weighted PL formulas (Besold et al. 2021, p. 23, Section
5.3.1). However, NeSy reasoning and proving capabilities or assurance levels
in PL are not discussed.

The paper Berlot-Attwell (2021) surveys NeSy approaches to visual query
answering. The paper discusses the use of PL as a formal language for
describing domains and the encoding of PL formulas as vectors in a GCNN
(Berlot-Attwell 2021, p. 9, Section 4). NeSy reasoning capabilities and proving
or assurance levels in PL are not discussed.

The paper Garcez et al. (2019) reviews recent advances in NeSy computing,
which is an approach to integrating machine learning with reasoning. The
authors use a four-dimensional taxonomy to summarize NeSy techniques
(Garcez et al. 2019, p. 627, Table 5). The knowledge representation
dimension (see ID 17 in Table 15) includes PL as a formal language integrated
within four NeSy frameworks. For example, the authors describe how PL
formulas are represented in neural networks such as KBANN Towell and
Shavlik (1994), and CILP d’Avila Garcez et al. (2012). This topic has already
been discussed in the survey (Hamilton et al. 2022, Figures 28-34, p. 7).

The survey paper Townsend et al. (2019) does not directly employ PL.
Instead, it adopts the Andrews-Diederich-Tickle (ADT) taxonomy of rule-
extraction and rule-refinement techniques, originally proposed in 1995
(Andrews et al. 1995, pp. 373-377). In the original work, this taxonomy
classifies techniques that extract rules from trained ANNs or use ANNs
to refine existing rule bases, including decompositional, pedagogical, and
eclectic techniques (Andrews et al. 1995, p. 376). Since the original taxonomy
dates to the 1990s discussed in Section 5.3, the survey Townsend et al. (2019)
is treated here as a later survey that borrows this earlier perspective to frame
and compare NeSy Al approaches for extracting relational explanations from
DNN.

A structured survey paper Bader and Hitzler (2005) reviews NeSy
frameworks along three classification dimensions (see Table 15). Along
the Language dimension, PL is discussed as a knowledge representation
language that can be embedded into neural networks. KBANN Towell and
Shavlik (1994) is cited as a concrete example of encoding PL formulae
within a neural architecture. Under the Usage dimension, the authors discuss
reasoning in PL within NeSy frameworks, but theorem-proving capabilities
and assurance levels in PL are not addressed.
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The paper Bouneffouf and Aggarwal (2022) provides a comprehensive
review of NeSy applications. In their survey, the authors adopt the three-
dimensional taxonomy introduced in Bader and Hitzler (2005). PL is
mentioned as one of the NeSy languages used in the domains covered.
Nonetheless, the paper does not discuss the reasoning and theorem proving
capabilities or the assurance levels in PL.

5 Literature Survey

This section surveys 181 research papers on NeSy frameworks within the
search period 1940-2026. Publications were collected using OpenAl’s web
search tool with the prompt given in Appendix A.2. The prompt defines the
publication periods, eligibility criteria, search terms, metadata requirements,
and deduplication rules. The search covered publisher and conference
platforms, arXiv, OpenReview, DBLP, Semantic Scholar, OpenAlex, Crossref,
Scopus, Web of Science, IEEE Xplore, ACM Digital Library, Springer Nature
Link, Springer Nature, institutional repositories, and authors’ publication
pages. Each reference in the resulting BibTeX file was manually screened
to verify its bibliographic metadata and assess its eligibility. References that
did not meet the survey’s inclusion criteria were excluded. Notes were also
added to the relevant bibliography entries to identify preprints and works
for which peer review or acceptance for publication could not be confirmed
(e.g., Binz and Lamm (2017)). The publications are organized into nine
chronological periods, comprising eight complete decades and the partial
decade 2020-2026. Table 21 summarizes the number of papers surveyed
in each period. No surveyed papers were published during 1950-1979. The
tables in each subsection summarize the X (capability) and Y (assurance)
annotations assigned to each paper and identify the ANN architectures
used. For each study, the accompanying discussion examines its PL formula
representation. Labels such as RAN-k-SAT Abubakar and Danrimi (2021),
MAJ2SAT Alway et al. (2022), and CRAN2SAT Roslan et al. (2024) are treated
here as study-specific names for PL formula families or encodings, rather than
as names of distinct standardized logical languages.

5.1 1940-1979

The association of PL with neural activation can be historically attributed to
McCulloch and Pitts (1943), whose work provided a foundational basis for
later NeSy frameworks. Motivated by the all-or-none character of neural
activity, authors proved that activation of neurons can be treated using
PL formula. Instead of learning, their strategy relies on rule-based manual
encoding: networks of neurons were converted into PL formulas (X6.2: logic
expressivity; see Table 22). In the recursive construction (McCulloch and
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Table 21. Distribution of surveyed papers describing NeSy frameworks for inference,
reasoning, and proving in PL across chronological periods.

Group Years Decade Number of papers
Gl 1940-1949 1940s 1

G2 1950-1959 1950s 0

G3 1960-1969 1960s 0

G4 1970-1979 1970s 0

G5 1980-1989 1980s 2

G6 1990-1999 1990s 24

G7 2000-2009 2000s 15

G8 2010-2019 2010s 39

G9 2020-2026 2020s 100

TOTAL: 181

Pitts 1943, p. 8, Theorem III), each neuron N is assigned a unique numeral
i, and synaptic connections between neurons are represented using logical
connectives. To simulate reasoning, truth tables are used to evaluate all
possible input combinations, assigning each proposition a truth value (T or F)
(X2.1: satisfiability witness generation). This work does not integrate proving
capabilities with ANN.

Table 22. X-Y annotations and ANN architectures of NeSy frameworks, 1940-1979.

ID Reference XandY ANN
concept architecture

1 McCulloch and Pitts (1943) X2.1, X6.2 McCulloch-Pitts
ANN

5.2 1980-1989

With no papers identified for 1950-1979, the rule-based McCulloch-Pitts
network (1940-1979) McCulloch and Pitts (1943) gives way to BPNNs
and analog ANNs (1980-1989). Satisfiability witness generation (X2.1)
and logic expressivity (X6.2) persist. The next decade, 1980-1989, adds
logical consequence (X1.2), heuristic adaptation (X3.1.2), search-space
pruning (X4.3), and SAT solving (X3.1.1.1). Neither decade reports Y
concepts. Table 23 lists the X-Y-Z annotations and ANN architectures of the
publications surveyed for 1980-1989.

Ertel and co-authors describe neural-guided PL theorem proving (X6.2:
logic expressivity) Ertel et al. (1989). A symbolic PL theorem prover performs
proof, while a BPNN learns global and local heuristics to reduce search space
(X4.3: search-space pruning) (Ertel et al. 1989, p. 88, Figure 1). Thus, the
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framework supports PL logical consequence (X1.2: logical consequence) via
heuristic adaptation (X3.1.2: heuristic adaptation).

Table 23. X-Y annotations and ANN architectures of NeSy frameworks, 1980-1989.

ID Reference XandY ANN
concept architecture

1 Ertel et al. (1989) X3.1.2, X4.3, BPNN
X1.2, X6.2

2 Johnson (1989) X2.1,X3.1.1.1, Analog
X6.2 ANN

The 3-satisfiability problem is defined as a SAT problem in PL where
formulas are expressed in CNF (X6.2: logic expressivity) (Johnson 1989,
Section 4). Circuit interconnections represent a particular SAT problem
instance (Johnson 1989, Abstract). An analog ANN is therefore employed
for SAT solving (X3.1.1.1: SAT solving). Successful outputs provide satisfying
truth assignments (X2.1: satisfiability witness generation).

These studies illustrate two enduring integration patterns such as neural
guidance of symbolic PL proof search and neural SAT solving. They also clarify
the distinction between capability and assurance. Both frameworks Johnson
(1989) Ertel et al. (1989) perform reasoning and proving tasks in PL, but
neither provides independently verifiable proof evidence.

5.3 1990-1999

This section surveys studies published between 1990 and 1999, with Table 24
presenting the X-Y-Z annotations and ANN architectures of the publications
surveyed for this period. The 1980s studies used BPNNs and analog ANNSs,
whereas the 1990s studies covered a wider range of architectures, including
HNNs, BMs, KBANNs, FNNs, and RNNs. Studies from both decades report
logical consequence (X1.2), satisfiability witness generation (X2.1), SAT
solving (X3.1.1.1), and logic expressivity (X6.2). In this comparison, heuristic
optimization for SAT (X4.5), and algorithmic alignment (X6.1) are used to
annotate publications from the 1990s studies. The same applies to soundness
guarantees (X7) and soundness assessment (Y3). By contrast, heuristic
adaptation (X3.1.2) and search-space pruning (X4.3) are annotated only in
the 1980s studies. These differences reflect the coverage of the surveyed
literature. They do not establish when a capability or architecture first
emerged or whether it ceased to be used in the following decade.

In Monfroglio (1991), a ConnectNN for satisfying logical constraints
is described. Since several logical constraint satisfaction problems can be
reduced to SAT in PL, the paper focuses on solving SAT for formulas
expressed in CNF using a simulated ANN trained through supervised learning
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135 (Monfroglio 1991, pp. 29-49). Thus, the framework supports satisfiability
1349 witness generation (X2.1), and SAT solving (X3.1.1.1).

Table 24. X-Y annotations and ANN architectures of NeSy frameworks, 1990-1999.

ID Reference XandY ANN
concept architecture
1 Monfroglio (1991) X2.1, X3.1.1.1 ConnectNN
2 Pinkas (1991b) X2.1 ConnectNN,
SNN
3 Pinkas (1991a) X2.1 SNN
4 Wan Abdullah X2.1, X6.2 HNN
(1992)
Wan Abdullah
(1996)
5 Narazaki and X6.1, X6.2 motivated by
Ralescu (1992) HNN
6 Towell and Shavlik X1.2 KBANN
(1994)
Towell et al. (1990)
7 Wan Abdullah X2.1, X6.2 HNN
(1993)
8 d’Anjou et al. (1993) X2.1, X3.1.1.1, BM
X6.2
9 Monfroglio (1993) X3.1.1.1, X6.2 ConnectNN

Monfroglio (1994)
Monfroglio (1995)
10 Tambouratzis (1995) X3.1.1.1, X6.2 SAANN

11 Pinkas (1995) X6.2 ConnectNN
12 Weitze and Hofacker X6.2 FNN
(1995)
13 Nagamatu and X3.1.1.1, X2.1, LPPH
Yanaru (1996)
X6.1, X6.2, X7
14 Roth (1996) X1.2, X6.2, ConnectNN
X7,Y3
15 Spears (1996) X2.1, X3.1.1.1 HNN
X6.2
16 Ritz and Hofacker X6.1, X6.2 FNN
(1996)
17  Albertietal. (1997) X3.2 HNN
18 Monfroglio (1999) X3.1.1.1, X6.2 RNN
X4.5
19 d’Avila Garcez et al. X6.2, X7,Y3 FNN
(1999)
Garcez and

Zaverucha (1999)

1350 The theoretical work in Pinkas (1991b) Pinkas (1991a) sets out a formal
1351 way to combine PL with an SNN to solve the SAT problem in PL (X2.1:
135 satisfiability witness generation; see Table 24). The proposed framework
1353 Systematically transforms any well-formed PL formula written in CNF into a
135« quadratic energy function. Furthermore, the author shows that any quadratic
1355 energy function can be used to represent a well-formed PL formula, thereby
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establishing a connection between PL and a ConnectNN. Figure 1 in
Pinkas (1991b) demonstrates how a ConnectNN with symmetric weights is
constructed from a well-formed PL formula. The work presented in Pinkas
(1991Db) is chiefly theoretical and does not include empirical benchmarking.
For instance, the study evaluates neither the ConnectNN’s ability to process
UNSAT PL formulas nor its scalability to PL formulas as the number of
propositional variables increases. A subsequent study Tran and Garcez (2023)
has criticized the scalability and representational complexity of the symmetric
ANN approach. A follow-up paper Pinkas (1995) expands upon the work
in Pinkas (1991b) by integrating a form of PL called penalty logic (Pinkas
1995, p. 206, Section 2) into a ConnectNN (X6.2: logic expressivity). When
successful, the ConnectNN finds a truth assignment that satisfies the input PL
formula (X2.1: satisfiability witness generation). Finding such an assignment
does not establish that the PL formula is true under all truth assignments to
its propositional variables Pinkas (1991b).

In Wan Abdullah (1992, 1996), the author implements Horn clauses (X6.2:
logic expressivity) in a HNN with multi-connections. Connection strengths
are defined from the logic program, and network relaxation optimizes logical
consistency. When the network reaches a zero-cost state, the resulting truth
assignment satisfies all clauses of the logic program (X2.1: satisfiability
witness generation) (Wan Abdullah 1992, Section III, pp. 515-517).

An NN-like inference machine inspired by the HNN model is proposed in
(Narazaki and Ralescu 1992, p. 746, see Figure 1). Nodes in the network
represent propositions (X6.2: logic expressivity). The inference mechanism
is implemented as a process of minimizing an energy function using the
relaxation method to search for a truth-value distribution that achieves
optimal consistency with the given data (X6.1: algorithmic alignment)
(Narazaki and Ralescu 1992, see Abstract).

A KBANN Towell et al. (1990) is one of the earliest NeSy approaches in
the 90s for integrating PL with trainable ANN (Towell and Shavlik 1994,
see Abstract). Rules expressed as Horn clauses are compiled into an ANN
architecture via a seven-step rules-to-network translation process: rewriting,
mapping, numbering, adding hidden units, adding input units, adding
links, perturbing (Towell and Shavlik 1994, Section 3.4). The resulting
network is trained using the backpropagation algorithm (Towell and Shavlik
1994, p. 5, Section 3.1). The KBANN performs deductive reasoning (X1.2:
logical consequence; see Table 24) based on embedded rules but does not
perform automated theorem proving. The KBANN is evaluated on DNA
sequence analysis (Towell and Shavlik 1994, p. 13, Section 4.2; p. 14,
Section 4.3). Empirical tests indicate that the KBANN is an effective classifier
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by comparison to other methods examined by authors (Towell and Shavlik
1994, p. 15, Section 5).

Logic programs are translated into a PL formula (X6.2: logic expressivity).
The formula is then implemented in an HNN to minimize clause violations
under the resulting interpretation of the clauses or logic programs
(Wan Abdullah 1993, p. 203). The cost function is written as a sum of
terms. Each term represents the negation of a clause in the logic program.
The underlying task of the program is to find an assignment of truth
values to the propositional variables such that all the clauses are satisfied
(X2.1: satisfiability witness generation) (Wan Abdullah 1993, p. 203, Second
paragraph).

Boltzmann machines (BMs) for solving the SAT problem in PL are proposed
in (d’Anjou et al. 1993, p. 514). SAT instances are encoded in a BM'’s
consensus function (X6.2: logic expressivity). Simulated annealing uses this
function to search for a satisfying configuration (X3.1.1.1: SAT solving). If
the search finds a satisfying configuration, it produces a satisfiability witness
generation (X2.1). Failure to find a satisfying configuration does not prove
UNSAT. No assurance capabilities from the Y taxonomy are reported for this
framework d’Anjou et al. (1993).

The CSP is expressed as a SAT problem in PL (X6.2:logic expressivity),
with formulas written in CNF. The problem is encoded in several classes
of ConnectNN (Monfroglio 1993, p. 175, Section 3). These ConnectNNs
are trained to solve the CSP using a supervised procedure (X3.1.1.1: SAT
solving) (Monfroglio 1993, p. 175, Section 3). In later research, the author
uses backpropagation networks to solve the CSP (Monfroglio 1994, see
Abstract). Subsequently, several ANNs are also trained using a supervised
procedure that includes backpropagation learning (Monfroglio 1995, see
Abstract) to solve the SAT problem in PL, with formulas written in CNF
(X3.1.1.1: SAT solving; X6.2: logic expressivity). In Monfroglio (1999), the
same author addresses the SAT problem in PL for PL formulas in CNF
(X3.1.1.1: SAT solving; X6.2: logic expressivity). An RNN is used to select
simplex pivot positions and improve the algorithm’s performance (X4.5:
heuristic optimization for SAT) (Monfroglio 1999, Abstract).

In Tambouratzis (1995), the author constructed an SAANN based on
Harmony theory for solving the SAT problem in PL (X6.2: logic expressivity)
(Tambouratzis 1995, p. 340, Abstract). The author describes the task as
finding at least one clause which can be satisfied by appropriate values of
the variables (X3.1.1.1: SAT solving) (Tambouratzis 1995, p. 341, Section 3).
None of the assurance concepts in the Y dimension apply to this framework.

In Weitze and Hofacker (1995), the authors describe how they implement
PL as a Boolean function (X6.2: logic expressivity) in ANNs. The
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authors use two types of ANN: one type has two feedforward
layers, and the other is a fully backcoupled network with N units
(Weitze and Hofacker 1995, p. 181, Section 3). This work does not discuss
how reasoning or proving in PL can be performed by neural networks.

LPPH is applied to a SAT problem in PL (X6.2: logic expressivity) Nagamatu
and Yanaru (1996). The authors prove that SAT solutions are equilibrium
points of the LPPH and vice versa (X7: soundness guarantee). Encoding
SAT solutions as equilibria supports SAT solving (X3.1.1.1), satisfiability
witness generation (X2.1), and algorithmic alignment (X6.1). Complete
UNSAT refutation is not established.

Roth presents a connectionist architecture (ConnectNN) based on Valiant’s
Neuroidal model (Roth 1996, pp. 1256-1258; Abstract). Deduction is treated
as deciding whether a Boolean function, described as a PL expression, entails
a query (X1.2: logical consequence), with queries represented as conjunctions
of rules whose antecedents and consequents are conjunctions of PL literals
(X6.2: logic expressivity) (Roth 1996, pp. 1257-1260). Theorem 3 gives
conditions under which deduction is correct (X7: soundness guarantee; Y3:
soundness assessment) (Roth 1996, p. 1260).

Spears presents a neural network algorithm (NNSAT), an HNN algorithm
for solving the SAT problem in PL (X3.1.1.1: SAT solving) (Spears 1996,
p. 1121). The neural network graph is based on the AND/OR parse tree of a PL
expression (X6.2: logic expressivity) (Spears 1996, pp. 1121-1122, Section 2).
Figure 3 specifies that the NNSAT returns a satisfying truth assignment for
the PL expression, if found (X2.1: satisfiability witness generation) (Spears
1996, p. 1124).

Ritz and Hofacker (1996) present an explicitly constructed FNN for
computing the truth value of PL formulas with n variables written in complete
DNF (X6.2: logic expressivity) (Ritz and Hofacker 1996, p. 553, see Figure 2
for an example). Ritz and Hofacker (1996) also construct a Turing machine
whose tape output is the truth value of the input complete DNF (Ritz and
Hofacker 1996, pp. 550-551, Sections 4.1-4.2). In Section 6, the authors
report that FNNs with one hidden layer are trained using the standard
backpropagation algorithm to compute the truth value of the PL formula in
complete DNF (X6.1: algorithmic alignment) (Ritz and Hofacker 1996, p. 553,
Section 6).

A combinatorial optimization problem, called MAX-2SAT, is described
in Alberti et al. (1997). This optimization problem consists of finding a truth
assignment that maximizes the number of satisfied clauses containing two
literals in PL (X3.2: MaxSAT optimization). NAMS is a neural approximation
algorithm for solving the MAX-2SAT problem (Alberti et al. 1997, Section 3).
It uses an HNN to approximately maximize the number of satisfied 2-clauses.
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Satisfying every clause is not guaranteed. The Y annotation set remains
empty because no qualifying assurance mechanism was identified in the
study.

One NeSy approach involves translating a PL program, expressed as
general clauses (d’Avila Garcez et al. 1999, p. 5, Definition 1) (X6.2:
logic expressivity; see Table 24), into an FNN (d’Avila Garcez et al.
1999, Section 2). This method can translate any PL program into an
FNN with one hidden layer, as formally proved in Theorem 3 of the
same work. This translation procedure is sound (X7: soundness guarantee;
Y3: soundness assessment) d’Avila Garcez et al. (1999) and allows the
resulting FNN to be trained using both example data and symbolic
knowledge (d’Avila Garcez et al. 1999, Figure 1). Examples 4 and 9
illustrate how individual clauses map to neurons and connections in
the FNN (d’Avila Garcez et al. 1999, p. 12, Example 4; p. 15, Example 9). The
resulting FNN is depicted in Figure 3 of the same work (d’Avila Garcez et al.
1999, p. 13, Figure 3). This approach, implemented in the connectionist
system C — IL?P Garcez and Zaverucha (1999), has been applied to tasks
such as DNA sequence classification. In this application, the training
set consisted of 3,190 DNA sequences, each containing 60 nucleotides.
The performance of the C — IL?P system was evaluated using a cross-
validation methodology, and the system was found to outperform KBANN
Towell and Shavlik (1994).

5.4 2000-2009

This section surveys literature published between 2000 and 2009 and
summarizes the X-Y annotations and ANN architectures of the corresponding
NeSy frameworks in Table 25. The surveyed studies from both decades,
1990s and 2000s, use HNNs, FNNs, and LPPH. The 2000s studies also
include controlled LPPH and Little HNN variants. Studies from both decades
report logical consequence (X1.2), satisfiability witness generation (X2.1),
SAT solving (X3.1.1.1), heuristic optimization for SAT (X4.5), algorithmic
alignment (X6.1), logic expressivity (X6.2), and soundness guarantees
(X7). Resolution (X3.1.1.2), strategy adaptation (X3.1.2.4), and branching
heuristics (X4.4) are annotated in the 2000s. Soundness assessment (Y3) is
annotated in the 1990s.

The LPPH dynamics use coefficients of attention to find Boolean
assignments satisfying PL formulas expressed in CNF (X6.2: logic
expressivity) (Nagamatu et al. 2000, pp. 65-66, Figure 1). The LPPH-
CA model Nagamatu et al. (2000), which extends the LPPH framework
theoretically analyzed in Nagamatu and Yanaru (1996), introduces
dynamically controlled coefficients of attention for PL clauses. Neurons
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represent PL variables, and polarized high-order connections represent
clauses (Nagamatu et al. 2000, p. 66, Figure 1). The aforementioned
coefficients of attention prioritize difficult clauses, supporting satisfiability
witness generation (X2.1), SAT solving (X3.1.1.1), and heuristic optimization
for SAT (X4.5). Experimental results demonstrate that these coefficients
enhance LPPH performance, especially when addressing difficult SAT
problems (Nagamatu et al. 2000, Sections 5-7). However, since the
equilibrium theorem is stated for the original LPPH dynamics rather than the
modified attention-controlled dynamics, no Y concept is assigned (Nagamatu
et al. 2000, p. 67, Theorem 1).

ARQ-PROP-II is a propositional neural reasoner that finds proofs by
refutation using the resolution principle (X3.1.1.2: resolution; X6.2: logic
expressivity) (Lima et al. 2008, Abstract; p. 1037, Figure 1) (Lima 2001, see
Abstract). The neural mechanism presented in the paper does not require
the knowledge base to be pre-encoded or learned (Lima 2001, see Abstract).
Vilela and Lima (2001) examine the cognitive plausibility of ARQ-PROP-II
previously described in Lima (2001). The neural theorem prover produces
proofs by refutation with limited depth in PL using resolution (X3.1.1.2:
resolution) including monotonic reasoning (Vilela and Lima 2001, p. 823,
Section 2). Consequently, all three papers Lima (2001); Vilela and Lima
(2001); Lima et al. (2008) receive no annotation from the Y dimension.

An information-based annealing neural network approach (INN) is applied
to solve combinatorial CSP Jonsson and Soderberg (2001). In this work,
a CSP is reduced to the SAT problem for a PL formula written in CNF
(hereafter, SAT for CNF formulas) (X3.1.1.1: SAT solving) Jonsson and
Soderberg (2001). Successful runs return a truth assignment that satisfies the
PL formula written in CNF (X2.1: satisfiability witness generation) (Jonsson
and Soderberg 2001, Figure 2, p. 6). Failure does not establish unsatisfiability
(Jonsson and Soderberg 2001, Section 2, p. 1). An empty Y annotation
set indicates that no qualifying assurance mechanism was identified in the
reported evidence; it does not establish that the framework is unsound.

An HT ANN tests SAT in PL (X3.1.1.1: SAT solving), converting PL
formulas to DNF before testing (X6.2: logic expressivity). It treats SAT as a
constraint optimization problem, using simulated annealing and a harmony
function to evaluate truth assignments (X4.5: heuristic optimization for
SAT). The abstract claims that the tester determines satisfiability, returns
assignments maximizing the number of satisfied clauses, and can enumerate
all maximizing assignments, yielding satisfying witnesses when possible
(X2.1: satisfiability witness generation) Tambouratzis (2001).

Hitzler et al. (2004) define (normal) logic programs as clauses
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Table 25. X-Y annotations and ANN architectures of NeSy frameworks, 2000-2009.

ID Reference XandY ANN
concept architecture
1 Nagamatu et al. X2.1,X3.1.1.1 LPPH
(2000)
X4.5, X6.2
2 Jonsson and X2.1, X3.1.1.1 INN
Sdderberg (2001)
3 Lima (2001) X3.1.1.2, X6.2 higher order
HNN
Vilela and Lima
(2001)
Lima et al. (2008)
4 Tambouratzis (2001) X2.1, X3.1.1.1, HT ANN
X4.5, X6.2
5 Hitzler et al. (2004) X1.2, X6.1, FNN,
ConnectNN
Seda (2006) X6.2, X7
6 Zhang and X2.1, X3.1.1.1 LPPH
Nagamatu (2005a)
Zhang and X4.5, X6.2
Nagamatu (2005b)
7 Kibria (2007) X1.1, X2.1, X3.1.1.1 FNN
X3.1.2.4, X4.4,
X4.5, X6.1
8 Sathasivam (2008) X2.1, X6.1 HNN
Sathasivam and X6.2, X3.1.1.1
Wan Abdullah
(2008)
9 Sathasivam (2009a) X3.1.1.1, X2.1 Little HNN
Sathasivam (2009b) X6.2
A~ LiN---NL, 9)

and show that, for each PL program P, a 3-layer FNN of binary
threshold units computes the immediate consequence operator Tp (X1.2:
logical consequence; X6.1: algorithmic alignment; X6.2: logic expressivity)
(Hitzler et al. 2004, p. 254, Theorem 3.2). For strongly determined PL
programs, the corresponding recurrent network converges to the unique
supported model (X7: soundness guarantee) (Hitzler et al. 2004, p. 256,
Corollary 3.3). Additional work integrating logic programs with ConnectNN
has been published in Hitzler et al. (2004); Seda (2006). In one such approach,
Hitzler et al. (2004) apply Funahashi’s theorem (Funahashi 1989, p. 184,
Theorem 1). Consequently, one can construct a neural network that computes
the immediate consequence operator for each PL program (Seda 2006, p. 117,
Theorem 2.3, Section 2.3).

LPPH is proposed for solving the SAT problem in PL (X3.1.1.1: SAT
solving; X6.2: logic expressivity) (Zhang and Nagamatu 2005a, pp. 969-970,
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Sections 1-2) (Zhang and Nagamatu 2005b, p. 121, Section 2). During parallel
execution, it finds a truth assignment for a PL formula expressed in CNF
(X2.1: satisfiability witness generation). By using mixed biases during parallel
execution, LPPH supports heuristic optimization for SAT (X4.5) (Zhang and
Nagamatu 2005b, p. 122, Section 4).

Kibria (2007) modifies MINISAT to use the neural net-based heuristic
implemented with a multilayer FNN (X6.1: algorithmic alignment) (Kibria
2007, Section II-A). The underlying DPLL algorithm operates on CNFs
and determines whether a problem is SAT or UNSAT (X1.1: satisfiability
decision), finding a model if the problem is satisfiable (X2.1: satisfiability
witness generation; X3.1.1.1: SAT solving) (Kibria 2007, Sections I-A-I-B).
The network receives parameters relating to the search and adjusts variable
activity increments. The decision function selects the variable with the
highest activity. A further network output determines the value to assign
when the variable is chosen again (X4.4: branching heuristic). The network
also increments counters that control restarts and clause database reduction
(X3.1.2.4: strategy adaptation) (Kibria 2007, Section II-A). An evolution
strategy (ES) was employed to determine the neural network’s weights and
biases, as well as the values of the constants (X4.5: heuristic optimization for
SAT) (Kibria 2007, Section II-B).

Hebbian and Wan Abdullah’s learning methods in an HNN are compared
Sathasivam (2008); Sathasivam and Wan Abdullah (2008). Horn clauses are
translated into Boolean algebraic form (X6.2: logic expressivity) (Sathasivam
2008, see Formula 5). The network finds a truth assignment that satisfies
every clause and therefore satisfies the PL formula written in CNF (X3.1.1.1:
SAT solving; X2.1: Satisfiability witness generation) (Sathasivam 2008,
Section 2, p. 323; Section 4, p. 325). Wan Abdullah’s method obtains
the values of connection strengths by comparing the cost function with
the energy (X6.1: Algorithmic alignment) (Sathasivam 2008, Section 4,
steps (iv)—(vi), p. 325) (Sathasivam and Wan Abdullah 2008, Sections 2-4).
The same learning methods are compared experimentally in (Sathasivam and
Wan Abdullah 2008, Sections 4-5), using stable states and their energies to
assess whether both methods yield similar results for the given clauses.

In Sathasivam (2009a) and Sathasivam (2009b), the author uses a Little
HNN to encode propositional program clauses expressed in CNF (X6.2: logic
expressivity). Energy relaxation seeks interpretations satisfying all clauses
(X3.1.1.1: SAT solving; X2.1: satisfiability witness generation) (Sathasivam
2009a, Section 3) (Sathasivam 2009b, p. 162, Section III). Storkey’s new
learning rule is compared with the Hebb rule, with shorter relaxation times
reported in (Sathasivam 2009a, Table 1). The sign constraint method yields
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a higher reported global minima ratio than the original method (Sathasivam
2009Db, p. 163, Table 1).

5.5 2010-2019

Surveyed 2000s studies use HNNs, FNNs and LPPH. However, 2010s studies
retain HNNs and additionally include RBFNNs, DNNs, GNNs, MPNNs,
and SATNet, as documented alongside their X-Y annotations in Table 26.
Both decades report X1.1, X1.2, X2.1, X3.1.1.1, X4.5, X6.1, X6.2, and X7.
Additional 2010s annotations include X3.1.2.2, MaxSAT optimization (X3.2),
search-space pruning (X4.3), logical generalization (X5.1), robustness (X8.1),
interpretability (X8.2), proof validation (Y1.2) and soundness assessment (Y3).
Resolution (X3.1.1.2), strategy adaptation (X3.1.2.4) are annotated in the
surveyed 2000s studies.

Abdechiri and Meybodi (2012) propose the HNNICA model, which
combines an HNN with the ICA to solve the SAT problem in PL when a PL
formula is expressed in CNF (X3.1.1.1: SAT solving; X6.2: logic expressivity).
The SAT problem is reformulated using a Lagrange function (Abdechiri and
Meybodi 2012, p. 729, Step 1). The HNN performs a local search (X4.3:
search-space pruning), and the ICA performs a global search (Abdechiri and
Meybodi 2012, p. 728, Section III; p. 729, Section IV.B).

In (Flint and Blaschko 2012, pp. 2771-2778), the authors represent PL
formulas in CNF (X6.2: logic expressivity). Using modified perceptron-
style updates, the priority function scores candidate branching literals from
their feature representations and selects the highest-scoring literal for
DPLL branching (X6.1: algorithmic alignment) (Flint and Blaschko 2012,
Sections 2.1-3.2, Eqgs. (1) and (3)). The DPLL algorithm determines whether
a CNF sentence is satisfiable (X1.1: satisfiability decision; X3.1.1.1: SAT
solving). The paper reports none of the assurance mechanisms represented
in the Y dimension.

A GNN can be used to learn complete solvers for CSPs, particularly Boolean
SAT (X3.1.1.1: SAT solving) in PL (Amizadeh et al. 2019, see Abstract). The
authors created a design pattern that allows SAT problems to be solved using
a GNN. This design pattern is a generalization of the general message-passing
(GMP) algorithm (Amizadeh et al. 2019, Section 4). The authors used an
unsupervised training strategy for the proposed solver, and the CNF clauses
ranged in size from 2 to 10 (Amizadeh et al. 2019, Section 6.3).

A message-passing GNN is trained with a modified attention mechanism to
guide branching in DPLL and CDCL algorithms (X4.4: branching heuristic;
X4.5: heuristic optimization for SAT) Jaszczur et al. (2019). These algorithms
determine the satisfiability of a PL formula written in CNF (X1.1: satisfiability
decision; X3.1.1.1: SAT solving) (Jaszczur et al. 2019, p. 1, Algorithm 1).
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Table 26. X-Y annotations and ANN architectures of NeSy frameworks, 2010-2019.

D Reference XandY ANN

concept architecture

1 Abdechiri and Meybodi (2012) X3.1.1.1, HNN

X4.3, X6.2
2 Flint and Blaschko (2012) X1.1, X3.1.1.1 Not given
X6.1, X6.2
3 Molnér and Ercsey-Ravasz (2013) X2.1, X3.1.1.1 Cont. time ANN
X6.1, X6.2
4 Franca et al. (2014) X2.1, X3.1.1.1 ANN as directed graph
X1.2,X5.1
X8.2,Y3
5 Hamadneh et al. (2014a) X1.2, X6.1 RBFNN
Hamadneh et al. (2014b) X6.2
6 Sathasivam and Velavan (2014) X2.1 HNN
Velavan et al. (2015) X6.1, X6.2
7 Bin Mohd Kasihmuddin et al. (2016) X3.2, X4.5 HNN
X6.2
8 Kasihmuddin and Sathasivam (2016) X2.1, X3.2 HNN
Kasihmuddin et al. (2016a) X6.1, X6.2
Kasihmuddin et al. (2016b)
9 Mansor and Sathasivam (2016a) X2.1, HNN
Mansor et al. (2016a) X4.5, X6.1
Mansor and Sathasivam (2016b) X6.2
Mansor et al. (2016b)

10 Rocktaschel and Riedel (2017) X7, X6.2 ANN for
end-to-end
diff. proving

11 Velavan et al. (2016) X3.1.1.1, X4.5 HNN

X6.1, X6.2
12 Biinz and Lamm (2017) X3.1.1.1 GNN
13 Mansor et al. (2017a) X3.1.1.1, X3.2, X2.1 HNN
Mansor et al. (2017b) X4.5, X6.2
14 Alzaeemi and Sathasivam (2018) X6.1, X6.2, X8.1 HNN
15 Tran (2018) X1.2,X3.1.1.1 UANN
Tran (2017) X6.2
16 Mohd Kasihmuddin et al. (2018) X3.2, X4.5 HNN
X6.2, X8.1
17 Sekiyama and Suenaga (2018) X1.2, X5.1 DNN
X6.1, X6.2
X7,Y1.2,
Y3

18 Wang and Rompf (2018) X3.1.1.1, X4.4 ConvNN

19 Kasihmuddin et al. (2019) X6.1, X6.2 HNN

20 Kathirvel et al. (2019) X3.1.1.1, X6.2, X8.1 HNN

21 Kho et al. (2019) X3.1.1.1, X4.5 HNN

X6.2, X8.1

22 Mohd Kasihmuddin et al. (2019) X3.1.1.1, X6.2 HNN

23 Evans et al. (2018) X1.2 Possible
WorldNet

24 Amizadeh et al. (2018) X3.1.1.1 multi-layer

25 Selsam et al. (2019) X3.1.1.1 MPNN

26 Yolcu and Péczos (2019) X3.1.1.1, GNN

X4.5
27 Wang et al. (2019) X3.1.1.1, X3.2 SATNet, ConvNN
28 Jaszczur et al. (2019) X1.1, X3.1.1.1 GNN
X4.4, X4.5
29 Amizadeh et al. (2019) X3.1.1.1 GNN
30 Mansor et al. (2019) X6.2,X3.1.1.1 Elliot HNN

In (Molnar and Ercsey-Ravasz 2013, p. 2), the authors encode a PL formula
expressed in CNF as a matrix that determines connections in an asymmetric
continuous time ANN (X6.1: algorithmic alignment; X6.2: logic expressivity).
The dynamics of the ANN search for a truth assignment that satisfies every
clause (X2.1: satisfiability witness generation; X3.1.1.1: SAT solving).

The C-IL2P system uses recurrent rule chaining to compute consequences
of the encoded PL program (X1.2: logical consequence). After training, it
classifies previously unseen examples (X5.1: logical generalization) and can
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extract a revised propositional theory (X8.2: interpretability) (Franca et al.
2014, pp. 86-88, Section 2.2). The rule extraction procedure is reported
to be sound and complete for regular networks and sound in the general
case (Y3: soundness assessment) (Franca et al. 2014, p. 88, Section 2.2).
CILP++ is a system for relational learning Franca et al. (2014). It is a
successor to the C' — IL?2P system. CILP++ uses the propositionalization
method called bottom clause propositionalization (BCP) (Franca et al. 2014,
p- 88, Section 2.3). BCP transforms relational data into so-called propositional
feature representations, yielding an attribute-value table suitable for ANN
learning. CILP++ performs neural decision-based inference (X1.2: logical
consequence; see Table 26) on unseen data and learns from relational data.
The CILP++ system is not designed to perform theorem proving tasks in PL.

A PL program is a finite set of PL clauses (Hamadneh et al. 2014a,
see Abstract). The PL program is represented in an RBFNN by computing
the single-step operators of logic programming (X1.2: logical consequence).
The clause body literals form the inputs of the RBFNN, and the clause
heads form the outputs (X6.1: algorithmic alignment; X6.2: logic expressivity)
(Hamadneh et al. 2014a, p. 462, Figure 1). A PL program is in 3-CNF if
each clause in CNF consists of a maximum of three literals (Hamadneh
et al. 2014Db, p. 548). Related work (Hamadneh et al. 2014b, p. 548) also
represents PL programs in RBFNN but proposes satisfiability testing for 3-
CNF, with outputs representing clauses rather than clause heads, using the
prey-predator algorithm to calculate the output weights of the RBFNN.

Sathasivam and Velavan (2014) represent propositional Horn clauses in
a higher-order HNN (X6.2: logic expressivity). Neurons store atoms’ truth
values, and the cost function is minimized when all clauses are satisfied (X2.1:
satisfiability witness generation; X6.1: algorithmic alignment) (Sathasivam
and Velavan 2014, p. 140, Section 1). When relaxation of the HNN reaches
a global energy minimum, the neuron states provide an interpretation
satisfying all clauses (Sathasivam and Velavan 2014, p. 142, Section 3).
Velavan et al. (2015) substantially overlaps with this work regarding Horn
clause encoding in higher-order HNN. However, it adds agent-based modeling
in NetLogo (Velavan et al. 2015, Section V). In contrast, Sathasivam and
Velavan (2014) uses C++ simulations.

Integrating a genetic algorithm with an HNN can maximize the number
of satisfied clauses in a PL formula expressed in CNF (X3.2: MaxSAT
optimization; X4.5: heuristic optimization for SAT; X6.2: logic expressivity)
(Bin Mohd Kasihmuddin et al. 2016, pp. 52-54). Candidate truth assignments
are evaluated, selected, recombined, and mutated. The NeSy framework
described in Bin Mohd Kasihmuddin et al. (2016) does not establish
UNSAT or generate a formal proof. Moreover, the paper does not describe
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any procedures for verification, certification, proof validation, interactive
explanation, or soundness assessment.

Three studies encode clauses in HNNs (X6.2: logic expressivity), derive
weights using Wan Abdullah’s method, and find assignments via energy
relaxation (X6.1: algorithmic alignment) Kasihmuddin and Sathasivam (2016)
Kasihmuddin et al. (2016a) Kasihmuddin et al. (2016b). In Kasihmuddin
and Sathasivam (2016), authors compare unipolar and hyperbolic activation
functions for finding satisfying interpretations (X2.1: satisfiability witness
generation). However, (Kasihmuddin et al. 2016a, see Abstract) integrate the
artificial bee colony search for solving restricted MAX-k-SAT (X3.2: MaxSAT
optimization), while Kasihmuddin et al. (2016b) represent Bezier curve
properties as PL formulas expressed in CNF, with at most two literals per
clause (X6.2: logic expressivity) (Kasihmuddin et al. 2016b, Section II.A, p. 10)
and use exhaustive search to find satisfying assignments (X2.1: satisfiability
witness generation).

In these four studies, Mansor and co-authors translate PL clauses into
Boolean algebra (X6.2: logic expressivity) and derive HNN parameters by
matching the resulting cost function to network energy (X6.1: algorithmic
alignment). An HNN state with a zero clause violation cost represents
a satisfying interpretation and therefore supplies satisfiability witness
generation (X2.1) (Mansor and Sathasivam 2016a, pp. 45, 46), (Mansor et al.
20164, pp. 28 and 30), (Mansor and Sathasivam 2016b, pp. 2 and 3), (Mansor
et al. 2016b, pp. 23 and 26). The activation function modifies relaxation
to improve the frequency of finding satisfying assignments (X4.5: heuristic
optimization for SAT) Mansor and Sathasivam (2016a,b).

Velavan et al. (2016) encode propositional Horn clauses in an HNN
(X6.2: Logic expressivity), equating clause costs with network energy (X6.1:
algorithmic alignment). Relaxation seeks satisfying interpretations (X3.1.1.1:
SAT solving) (Velavan et al. 2016, p. 156, Section 3). Mean field theory
modifies local field computation to improve model search (X4.5: Heuristic
optimization for SAT) (Velavan et al. 2016, pp. 157-159, Sections 4 and 6).

A graph representation of PL formulas written in CNF is described in Biinz
and Lamm (2017). A GNN is then trained to predict the satisfiability of these
formulas (X3.1.1.1: SAT solving) (Biinz and Lamm 2017, Sections 4-6).

Inspired by the backward chaining algorithm, an ANN architecture
called neural theorem prover (NTP) is constructed to perform end-to-end
differentiable proving of queries to a knowledge base (Rocktaschel and Riedel
2017, see Abstract). In this NeSy framework, theorems are formulated as
queries to a knowledge base, and proof search is implemented through rule
application and unification (X7: soundness guarantee). As a result, the NTP
can infer a new fact from an incomplete knowledge base. While the knowledge
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base can be expressed in FOL, even though this is not explicitly stated in
Rocktaschel and Riedel (2017), it is reasonable to note that facts can also be
expressed in PL ( X6.2: logic expressivity; see Table 26).

In Mansor et al. (2017a) and Mansor et al. (2017b), Mansor and co-
authors implement an artificial immune system algorithm in an HNN to
improve truth assignments (X4.5: Heuristic optimization for SAT). In (Mansor
et al. 2017a, Abstract), the authors seek assignments satisfying all clauses
(X2.1: satisfiability witness generation; X3.1.1.1: SAT solving) and evaluate
global Hamming distance. Restricted MAX-k-SAT as a constraint optimization
problem is solved by implementing the artificial immune system algorithm
in the HNN (X3.2: MaxSAT optimization). The paradigm is compared with a
Brute force search algorithm integrated in the HNN (Mansor et al. 2017b,
Abstract). The MAX-k-SAT problem is defined in PL, with formulas expressed
in CNF (X6.2: logic expressivity) (Mansor et al. 2017b, Section II).

Propositional Horn clauses in CNF are encoded into a Linear Kernel
Hopfield ANN (X6.2: logic expressivity) (Alzaeemi and Sathasivam 2018, pp. 4
and 5). To initialize the HNN, all synaptic weights are set to zero. Synaptic
connection strengths are obtained by comparing the energy function with
the cost function (X6.1: algorithmic alignment). The robustness (X8.1) of the
approach is supported by empirical results (Alzaeemi and Sathasivam 2018,
Computation Time Section).

PL programs can be encoded in an RBM by translating them into the
RBM'’s energy functions (X6.2: logic expressivity) Tran (2018). This encoding
enables the RBM to carry out reasoning tasks, including solving SAT instances
(X3.1.1.1: SAT solving; see Table 26). In a related line of work, the same
author demonstrates how symbolic knowledge, expressed as if-then rules
in the form of Horn clauses, can be embedded in an unsupervised ANN
Tran (2017). In this setting, reasoning is implemented directly at the ANN
level. Inference over relations between entities (X1.2: logical consequence)
is performed by an algorithm that operates on the trained network rather
than by an external solver (Tran 2017, p. 4, Algorithm 1). This illustrates a
reasoning process in which symbolic reasoning emerges as an interpretation
of neural inference, rather than being performed by an explicit symbolic
reasoner (Tran 2017, p. 3, Section 4.2).

Limited MAX-k-SAT (k=2 and k = 3) formulas expressed in CNF are
mapped to a discrete HNN (X6.2: logic expressivity) (Mohd Kasihmuddin
et al. 2018, pp. 1328-1331). The HNN is integrated with Wan Abdullah
method and Sathasivam relaxation method to obtain the correct final state
of the neurons (X3.2: MaxSAT optimization; X4.5: heuristic optimization for
sat) (Mohd Kasihmuddin et al. 2018, see Abstract). Experimental results
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emphasize robustness (X8.1) showing that the MAX-k-SAT can be embedded
optimally in the HNN.

A DNN is used in automated proof synthesis for minimal propositional
logic (X6.2: logic expressivity) (Sekiyama and Suenaga 2018, Section 2).
The proposition-to-proof architecture is proposed, which is the DNN tailored
to the automated proof synthesis problem (X6.1: algorithmic alignment)
(Sekiyama and Suenaga 2018, Sections 3-4; see Abstract). This procedure
generates proofs of propositions (X1.2: logical consequence), though it may
fail to find a proof even for a provable proposition. Type checking validates the
returned proofs and guarantees their correctness (X7: soundness guarantee;
Y1.2: proof validation; Y3: soundness assessment) (Sekiyama and Suenaga
2018, Section 3.2, p. 316; Section 6.2, p. 326). Evaluating on test propositions
provides evidence specific to the benchmark of logical generalization (X5.1)
(Sekiyama and Suenaga 2018, Section 5.2, Table 2).

Casting branching decisions in a CDCL SAT solver as moves in a
game enables the use of deep RL to guide these decisions (X3.1.1.1: SAT
solving)(Wang and Rompf 2018, Sections1-2). PL formulas written in CNF are
represented as sparse adjacency matrices. These matrices are supplied to a
ConvNN used to learn branching heuristics (X4.4: branching heuristic)(Wang
and Rompf 2018, Section2)

The research integrates PL formulas expressed in CNF into HNN (X6.1:
algorithmic alignment; X6.2: logic expressivity) (Kasihmuddin et al. 2019,
pp. 2-5, Sections 2-5). Propositional variables are mapped to neurons,
and synaptic weights are obtained by using the Wan Abdullah method
(Kasihmuddin et al. 2019, p. 1, Section 1; p. 7, Section 6). The authors explore
the quality of the solution obtained from HNNs, which shows that HNN only
retrieves a limited number of neuron states with the lowest minimum energy
(Kasihmuddin et al. 2019, see Abstract). No certificate, external verification,
or soundness assessment is provided.

The HNN-3SATICA model combines the ICA with an HNN to solve SAT
problems in PL (X3.1.1.1: SAT solving), with formulas expressed in CNF (X6.2:
logic expressivity) (Kathirvel et al. 2019, pp. 144-147). Each clause contains
three literals. Empirical stability supports robustness (X8.1) (Kathirvel et al.
2019, Section 5).

2SAT denotes a formula in PL expressed in CNF, where each clause has two
literals (X6.2: logic expressivity) (Kho et al. 2019, Section 2). The limitations
of an HNN in finding a consistent interpretation that satisfies the formula
Prsar are investigated (X3.1.1.1: SAT solving) Kho et al. (2019). Both ESM
and ACO are utilized to solve the SAT problem (X4.5: heuristic optimization
for SAT). Performance evaluation using error measures supports robustness
(X8.1) (Kho et al. 2019, p. 5, Performance Evaluation Section).
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An immune system algorithm is hybridized with an Elliot HNN to solve the
SAT problem in PL, with formulas expressed in CNF (X6.2: logic expressivity;
X3.1.1.1: SAT solving) Mansor et al. (2019). The main goal of this work is
to investigate the effectiveness and capability of the proposed approach in
relation to the number of neurons (Mansor et al. 2019, see Abstract).

k-SAT represents a PL formula in CNF where each clause has k literals
(X6.2: logic expressivity) (Mohd Kasihmuddin et al. 2019, Section 2). k-
SAT is integrated into a mutation HNN. The neuron states of the HNN
converge to a minimum-energy state (Mohd Kasihmuddin et al. 2019, see
Abstract). Figure 1 illustrates the implementation of propositional SAT in an
HNN (X3.1.1.1: SAT solving) (Mohd Kasihmuddin et al. 2019, Section 2). A
randomized k-SAT formula is provided as input. After clause satisfaction is
checked, the randomized formula is stored in the HNN. Otherwise, following
trial and error, falsified is reported (Mohd Kasihmuddin et al. 2019, p. 4,
Figure 1).

In Evans et al. (2018), the authors investigate whether an ANN can
understand logical formula well enough to detect entailment. To address this
research question, the authors create a dataset consisting of triples that
can be used to identify logical entailment in PL Evans et al. (2018). The
authors evaluate ANN on this dataset and show how these ANNs can capture
logical entailment (X1.2: logical consequence) Evans et al. (2018). The
authors use the PossibleWorldNet ANN architecture, which outperforms
all benchmarks, to approximate logical entailment. The paper compares this
approach with other approaches and neural models (Evans et al. 2018, p. 8,
Table 2).

In Amizadeh et al. (2018), the authors trained a multilayer ANN to
solve the Circuit-SAT problem (X3.1.1.1: SAT solving; see Table 26) (Cormen
et al. 2009, pp. 1070) (Trevisan 2001, pp. 2, Section 2, Definition 3). The
input to the ANN is a PL formula, represented as a Boolean circuit. The
proposed methodology for training the ANN involves using an ANN function
to generate SAT solutions, even through the ANN is not exposed to such
solutions during training (Amizadeh et al. 2018, pp. 6, Section 4.1). In related
work, the NeuroSAT model Selsam et al. (2019) uses a message-passing ANN
(MPNN) trained as a binary classifier with single-bit supervision to predict
whether Boolean formulas in CNF are satisfiable ((X3.1.1.1: SAT solving);
see Table 26). Each formula is encoded as a graph. NeuroSAT can also be
applied to solve other combinatorial problems, such as graph coloring or
vertex cover problems, by encoding them as SAT problem (Selsam et al. 2019,
see Abstract).

The work Yolcu and Pdczos (2019) used a GNN to solve SAT problem
(X3.1.1.1: SAT solving). This approach differs from the work in Selsam et al.
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(2019), which predicts SAT. The GNN is a part of a stochastic local search
(SLS) algorithm. Here, the GNN acts as a learned variable-selection heuristic
Yolcu and Péczos (2019). This heuristic is learned through a process called
reinforcement learning (X4.5: Heuristic optimization for SAT; see Table 26)
(Yolcu and Péczos 2019, pp. 5, Section 6.1). In the experiment, the results
are compared with those of WalkSAT Selman et al. (1993) (Yolcu and Péczos
2019, pp. 7, Section 7.1) in terms of steps required to find a solution, with a
maximum of 750 steps, and the percentages of PL formulas that are correctly
solved (Yolcu and Péczos 2019, pp. 7, Table 2). For example, if one is trying
to solve the SAT problem where the maximum number of variables is 50 and
the maximum number of clauses is 213 (Yolcu and Pdczos 2019, pp. 7, first
row in Table 2), the percentage of formulas solved using the GNN approach is
higher than that solved by the WalkSAT solver (Yolcu and Péczos 2019, pp. 7,
second and last cell in the first row of Table 2).

A differentiable, approximate MaxSAT solver, called SATNet, is proposed in
Wang et al. (2019). SATNet implements a differentiable approximation to the
MaxSAT problem in PL (X3.1.1.1: SAT solving; X3.2: MaxSAT optimization;
see Table 26) by relaxing the MaxSAT problem to a semidefinite program
(SDP). The solver can be integrated with a larger ConvNN architecture,
enabling end-to-end training via gradient-based learning (Wang et al. 2019,
see Abstract and Section 4.3).

5.6 2020-2026

This section surveys studies published from 2020 to 2026, tracing their X-
Y annotations and ANN architectures through annual summaries for 2020
(Table 27), 2021 (Table 28), 2022 (Table 29), 2023 (Table 30), and 2024
(Table 31), followed by a combined summary for 2025-2026 (Table 32).
Surveyed studies from both 2010-2019 and 2020-2026 use HNNs, DNNs,
GNNs, MPNNs and RBMs. The studies 2020-2026 also include LNNSs,
Transformers, Tree-LSTMs and HyperGCNs. All X annotations assigned to the
surveyed 2010s studies, except robustness (X8.1), also appear in the surveyed
2020-2026 studies, including SAT solving (X3.1.1.1). Proof validation (Y1.2)
and soundness assessment (Y3) also appear in both periods. Additional
annotations in the surveyed 2020-2026 studies include UNSAT refutation
(X2.2), resolution (X3.1.1.2), query-aware formula generation (X3.1.2.3),
strategy adaptation (X3.1.2.4), clause selection quality (X4.2), branching
heuristics (X4.4), UNSAT-core prediction (X5.3), certificate support (Y1.1),
certificate format (Y1.1.1) and UNSAT certification (Y1.4.1).

The HNN-RAN-k-SAT study Sathasivam et al. (2020c) considers a specific
Random k-satisfiability (RAN-k-SAT) family of PL formulas expressed in CNF
(X6.2: logic expressivity). The authors encode these formulas in an HNN, with
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synaptic weights obtained using the Wan Abdullah method Wan Abdullah
(1992) (X3.1.1.1: SAT solving). They state that exhaustive search makes it
difficult for HNN-RAN-£-SAT to learn what they describe as the inconsistent
interpretation, —PranksaT (Sathasivam et al. 2020c, p. 2855).

E2SAT is a class of PL formulas expressed in CNF with exactly two literals
per clause (X6.2: logic expressivity) (Sianipar et al. 2020, p. 040014-2). HNN-
E2SATACO uses ACO to enhance the learning phase of an HNN for E2SAT
logic programming. ACO searches for consistent interpretations of E2SAT
clauses during learning (X4.5: heuristic optimization for SAT) (Sianipar et al.
2020, pp. 040014-4-040014-5).

Graph-Q-SAT uses a GNN to solve SAT for CNF formulas (X3.1.1.1:
SAT solving) Kurin et al. (2020). The GNN guides a CDCL solver, which
generates a proof of unsatisfiability (Kurin et al. 2020, Introduction section,
3rd paragraph). The GNN predicts Q-values for variable assignments (X4.4:
branching heuristic) (Kurin et al. 2020, Sections 3.1-3.2). The SAT problem
is encoded as a graph representation, similar to the approach in Selsam
et al. (2019). Graph-Q-SAT enables the trained policy to select branching
variables efficiently. It can reduce the number of iterations required to solve
SAT problems by a factor of 2-3 (Kurin et al. 2020, p. 1, see Abstract).

NLocalSAT uses a GGC-NN followed by a two-layer perceptron to predict
a candidate truth assignment for the variables of an input PL formula
written in CNF (Zhang et al. 2020, Section 2.2). These predictions guide the
initialization of variable truth assignments in a stochastic local search solver
used to solve the SAT problem for this formula (X3.1.1.1: SAT solving; X4.5:
heuristic optimization for SAT). When successful, the solver returns a truth
assignment satisfying every clause and thus the formula (X2.1: satisfiability
witness generation) (Zhang et al. 2020, Section 2.4, Algorithms 2-3).

The neural-network-guided SAT attack (NNgSAT) is proposed to examine
the use of an MPNN to predict a satisfying assignment for a PL formula
written in CNF that the actual SAT solver cannot solve (X6.2: logic
expressivity; X3.1.1.1: SAT solving) (Azar et al. 2020, Section 1.1).

The RANKSAT logic representation is defined as a class of PL formulas
written in CNF with one or two literals per clause (X6.2: logic expressivity)
(Sathasivam et al. 2020b, Section 2). The effect of an election algorithm (EA)
on enhancing the learning process of an HNN to generate a solution for the
RANKSAT logic representation is examined in Sathasivam et al. (2020Db).

The MFTHNN-2SAT model employs an HNN to solve a 2SAT problem using
a mean-field theory (MFT) algorithm (X4.5: heuristic optimization for SAT)
(Sathasivam et al. 2020a, see Abstract). A 2SAT instance is a PL formula
written in CNF with at most two literals per clause (X6.2: logic expressivity)
(Sathasivam et al. 2020a, Section 5A). The integration of 2SAT into an HNN
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using MFT comprises 11 steps (Sathasivam et al. 2020a, Section 5C). The
input to this procedure is a 2SAT instance. In the final step, the procedure
calculates the final energy for each neuron when the neurons are in a stable
state. The output phase aims to find the best global solution, although the
network may also reach a local minimum (Sathasivam et al. 2020a, Eq. 27).
Satisfiability witness generation (X2.1) requires evidence that the procedure
produces a truth assignment satisfying the input formula. The best global
solution (Sathasivam et al. 2020a, see Abstract) alone does not explicitly
establish this. Concepts from the Y dimension require explicit verification or
soundness evidence. Calculating final energy alone does not establish these
properties.

DHNN-3SATLOA combines a DHNN with the modified Lion optimization
algorithm (LOA) for Boolean 3-satisfiability programming (X3.1.1.1: SAT
solving). The Boolean 3SAT formula is written in CNF, with three literals per
clause (X6.2: logic expressivity). The LOA improves the learning phase (X4.5:
heuristic optimization for SAT), while the Wan Abdullah method determines
synaptic weights. DHNN-3SATLOA computes the final energy and uses a
tolerance-based comparison with the global minimum energy to classify the
result as a local or global minimum (Mansor et al. 2020, Figure 1).

NeuroGlue uses a GNN to predict glue variables for SAT for CNF formulas
(X3.1.1.1: SAT solving) (Han 2020, Sections 2-4). Its predictions periodically
refocus CaDiCal's EVSIDS branching heuristic (X4.4: branching heuristic),
while CaDiCal. performs the symbolic search (Han 2020, Section 5). No
qualifying Y-dimension assurance mechanism is described in the paper.

The HNN-R2SATEA model incorporates the modified election algorithm
into the learning phase of a DHNN to accelerate learning in optimizing
random 2SAT logic representation (X3.1.1.1: SAT solving; X4.5: heuristic
optimization for SAT) (Abubakar et al. 2020b, Section 3.2, Step 5;
Algorithm 1). Random 2SAT is represented as a PL formula written in CNF
with one or two literals per clause (X6.2: logic expressivity) (Abubakar et al.
2020b, Section 2.1, Eq. 8). HNN searches for an optimal solution to the
cost function by satisfying the maximum number of clauses (Abubakar et al.
2020b, Section 2.1).

HornSAT logic programming represents a PL formula in the form of Horn
clauses (Alzaeemi et al. 2020, Section II.2). HornSAT logic programming is
implemented in HNN, with Horn clauses containing at most one positive
literal (X6.2: logic expressivity) (Alzaeemi et al. 2020, Sections II.2 and II1.4).
The aim is to decide whether there exists an assignment of truth values
to the variables in the clauses that makes the HornSAT logic program
satisfiable (Alzaeemi et al. 2020, Section II.2; see Formula 4). The authors
develop a procedure to search for a neuron state corresponding to a truth
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Table 27. X-Y annotations and ANN architectures of NeSy frameworks, 2020.

ID Reference XandY ANN
concept architecture
1 Zhang et al. (2020) X2.1, GGC-NN
X3.1.1.1
X4.5
2 Kurin et al. (2020) X3.1.1.1, GNN
X4.4
3 Riegel et al. (2020) X1.2, X6.2 LNN
X8.2
4 Gauthier (2020) X1.2 Tree-NN
5 Shi et al. (2020) X5.1, X6.2 LINN
6 Vaezipoor et al. (2020) X3.1.1.1, DNN
X3.1.2.2,
X4.5
7 Sianipar et al. (2020) X4.5, X6.2 HNN
8 Sathasivam et al. (2020c¢) X3.1.1.1, HNN
X6.2
9 Azar et al. (2020) X3.1.1.1, MPNN
X6.2
10 Sathasivam et al. (2020b) X6.2 HNN
11 Sathasivam et al. (2020a) X4.5, X6.2 HNN
12 Rasli et al. (2020) X3.1.1.1, MHNN
X4.5,
X6.2
13 Mansor et al. (2020) X3.1.1.1, DHNN
X4.5
X6.2
14  Alzaeemi et al. (2020) X3.1.1.1, HNN
X4.5
X6.2
15  Abubakar et al. (2020a) X3.2, X6.2 HNN
16 Abubakar et al. (2020b) X3.1.1.1, DHNN
X4.5
X5.2
17 Han (2020) X3.1.1.1, GNN
X4.4

assignment that satisfies the input HornSAT formula (X3.1.1.1: SAT solving)
by constructing synaptic weights and updating neuron states (X4.5: heuristic
optimization for SAT) (Alzaeemi et al. 2020, Section II1.4, pp. 1874-1875).

Random Maximum kSatisfiability (MAXRkSAT) is a class of PL formulas
in CNF (X6.2: logic expressivity) (Abubakar et al. 2020a, Section 2). HNN-
MAXRKSAT integrates MAXRKSAT into an HNN (X3.2: MaxSAT optimization).
HNN uses the Wan Abdullahi method to compute synaptic weights (Abubakar
et al. 2020a, Sections 4, Eq. 15).

The MHNN-2SAT model combines HNN and estimation of distribution
algorithm (EDA) for 2SAT logic programming (X3.1.1.1: SAT solving), with k =
2 literals per clause (X6.2: logic expressivity). HNN uses energy minimization.
EDA is implemented during the retrieval phase, using Univariate Marginal
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Gaussian distribution to alter the final neuron state (X4.5: heuristic
optimization for SAT) (Rasli et al. 2020, pp. 2-3). The procedure translates
all clauses into Boolean algebra, randomly initializes the HNN input,
computes the HNN output, calculates the mean, variance and joint probability
distribution function, and normalizes the latter. It then obtains a new neuron
state, updates the best solution using roulette-wheel selection, retains the
new output, and repeats the process until fogarrps = NC, where NC' is the
total number of 2SAT clauses (Rasli et al. 2020, p. 3, Steps 1-8).

The paper describes LNN and its reasoning capability restricted to PL
(Riegel et al. 2020, Section 3). In LNN, neurons correspond to propositions
and logical operations (X6.2: logic expressivity; X8.2: interpretability).
Bidirectional inference performed by LNN derives truth value bounds for a
connective’s inputs from bounds on its output and other inputs (X1.2: logical
consequence) (Riegel et al. 2020, Section 4.1). The Upward-Downward
algorithm propagates these bounds through formula syntax trees (Riegel
et al. 2020, Section 4.3).

The Tree-NN is implemented within the HOL proof assistant (Gauthier
2020, see Abstract). The author trains the Tree-NN to determine whether
a PL formula in the form A = B is true under every truth assignment,
equivalently, whether B is a logical consequence of A (X1.2: logical
consequence) (Gauthier 2020, Section 4).

LINN is a dynamic ANN architecture that combines logic reasoning with
deep learning techniques Shi et al. (2020). In the LINN, each propositional
letter and each logical constant T, L is represented as a vector embedding,
while logical connectives A, V, — are implemented as learnable neural
modules (X6.2: logic expressivity) (Shi et al. 2020, Section 3). Given a PL
formula as input, the LINN dynamically builds a graph. The LINN performs
reasoning through this graph and predicts truth values of PL expressions
written in DNF using observed variables (X5.1: logical generalization) (Shi
et al. 2020, see Abstract).

In (Vaezipoor et al. 2020, Sections 1-2), the authors train a DNN to
guide the Glucose SAT solver Audemard and Simon (2018) to solve the SAT
problem in PL (X3.1.1.1: SAT solving). A policy gradient algorithm optimizes a
stochastic policy that outputs an integer literal block distance (LBD) threshold
(Vaezipoor et al. 2020, p. 2, Section 2, see Action paragraph). Learned clauses
with LBD values above this threshold are deleted (X3.1.2.2: RL-guided clause
selection). Training rewards fewer clause accesses during unit propagation
(X4.5: heuristic optimization for SAT) (Vaezipoor et al. 2020, p. 2, Section 2,
see Reward paragraph).

The NeurNet-SP algorithm combines survey propagation with an FNN
to construct approximate assignments for MAX-E-3-SAT (Marino 2021,
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Section 4.2, Algorithm 2). The method minimizes the number of unsatisfied
clauses into an instance of MAX-E-3-SAT (X3.2: MaxSAT optimization).
Satisfiability witness generation is not assigned to the publication Marino
(2021).

In Tran and d’Avila Garcez (2021), authors prove that any PL formula
through strict DNF can be mapped into RBMs (X6.2: logic expressivity)
(Tran and d’Avila Garcez 2021, Section 3). The translation has a proof
of equivalence (X7: soundness guarantee; Y3: soundness assessment)(Tran
and d’Avila Garcez 2021, Theorem 1). In experiments, Gibbs sampling finds
a truth assignment that satisfies at least one conjunction of literals and
therefore satisfies the PL formula written in DNF (X2.1: satisfiability witness
generation; X3.1.1.1: SAT solving) (Tran and d’Avila Garcez 2021, Section 6).

RAN-£-SAT is a class of PL formulas written in CNF, with clauses containing
one, two, or three literals for £ < 3 (X6.2: logic expressivity) (Abubakar et al.
2021, p. 202, Egs. (1)-(3)) (Abubakar and Danrimi 2021, p. 662, Egs. (1)-(4)).
RAN-£-SAT is encoded in an HNN. The election algorithm (EA) is applied in
the training phase of the HNN to search for optimal representation solutions
and to improve or follow preferred assignments (X3.1.1.1: SAT solving;
X2.1: satisfiability witness generation; X4.5: heuristic optimization for SAT)
(Abubakar et al. 2021, see Conclusion) (Abubakar and Danrimi 2021, p. 668).

RANB3SAT is represented as PL formulas in CNF with clauses containing
at most three literals and formulated as Pranssat (X6.2: logic expressivity)
(Bazuhair et al. 2021, p. 4, Egs. (1)—(3)). The election algorithm (EA) is
implemented in an HNN and learns all the logical combinations of RAN3SAT
to find the optimal assignment for Pranssar leading to Ep,,yssar =0
(X3.1.1.1: SAT solving; X2.1: satisfiability witness generation; X4.5: heuristic
optimization for SAT) (Bazuhair et al. 2021, pp. 12-13).

As in Bazuhair et al. (2021), Karim et al. (2021), RAN3SAT represents PL
formulas written in CNF, with clauses containing one, two, or three literals
in different logical combinations (X6.2: logic expressivity) (Karim et al. 2021,
p. 50833, Eqgs. (1)—(7)). This structure is integrated with a DHNN through the
cost function and Lyapunov energy function (Karim et al. 2021, pp. 50833-
50834, Egs. (8)-(16)). The exhaustive search (ES) algorithm facilitates the
training phase to check clause satisfaction, and a zero value of the cost
function indicates that the logical rule is satisfied (X3.1.1.1: SAT solving).

The study Mansor et al. (2021) develops a DHNN-3SATGWO model for the
SAT problem in PL, with formulas expressed in CNF (X3.1.1.1: SAT solving).
The model uses bipolar Grey Wolf Optimization to minimize the cost function
during the learning phase of a DHNN (Mansor et al. 2021, pp. 4-6, Section 3).
The learning process is completed when the model obtains satisfied states
that lead to F =0 (Mansor et al. 2021, p. 3, Section 2, Eq. 5). The

K3SAT
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Table 28. X-Y annotations and ANN architectures of NeSy frameworks, 2021.

1D Reference XandY ANN
concept architecture
1 Tran and d’Avila Garcez (2021) X2.1, RBM
X3.1.1.1,
X6.2, X7,Y3
2 Marino (2021) X3.2 FNN
3 Wang et al. (2021) X1.1, X6.2 LSTM RNN
X3.1.1.1,
X4.5
4 Mansor and Sathasivam (2021), X3.1.1.1 DHNN
Mansor et al. (2021)
5 Bazuhair et al. (2021) X2.1, HNN
X3.1.1.1,
X4.5, X6.2
6 Karim et al. (2021) X3.1.1.1, DHNN
X6.2
7 Abubakar et al. (2021) X6.2, HNN
X3.1.1.1,
Abubakar and Danrimi (2021) X2.1, X4.5

paper does not mention that the DHNN-3SATGWO model supports formal
verification, interactive explanations, or soundness assessments.

The study Mansor and Sathasivam (2021) evaluates a DHNN-3SAT model
for the SAT problem in PL in which formulas are written in CNF (X3.1.1.1: SAT
solving) (Mansor and Sathasivam 2021, p. 965, Section 2). The DHNN uses
the Wan Abdullah method for synaptic-weights calculation and seeks satisfied
states with E,..,, =0 (Mansor and Sathasivam 2021, p. 966, Eqgs. 2.5).
Final neuron states are assessed through global and local minimum energy
(Mansor and Sathasivam 2021, p. 971, Figure 1). No UNSAT refutation or
formal assurance is reported.

A heuristic algorithm based on an LSTM RNN is proposed in (Wang et al.
2021, see Abstract) for SAT solving problems in PL with formulas expressed
in CNF (X3.1.1.1: SAT solving; X4.5: heuristic optimization for SAT; X6.2:
logic expressivity). The trained end-to-end SAT solver outputs O or 1 as a
representation of SAT candidates. However, the model is also used together
with an LSTM-DPLL algorithm, which has an explicit UNSAT return (Wang
et al. 2021, p. 143). Therefore, the combined approach supports satisfiability
decision (X1.1), whereas X2.2 is not assigned.

The HNN-2SAT model uses ACO during its learning phase to optimize
the search for a solution to 2SAT, that is, SAT for CNF formulas in which
each clause contains two literals (X3.1.1.1: sat solving; X4.5: heuristic
optimization for sat) (Kho et al. 2022, p. 40, Section 2.2, and pp. 42-45).
The authors do not integrate a standard symbolic 2SAT solver with the HNN.
Instead, 2SAT logic is implemented in the HNN by assigning one neuron to
each PL variable and mapping the clause cost function to the HNN energy
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function (X2.1: satisfiability witness generation) (Kho et al. 2022, pp. 40-
42) (Kho et al. 2022, pp. 43-45). The method does not produce an UNSAT
refutation or a formal proof, and failure to find a satisfying assignment
does not establish UNSAT. No assurance mechanism corresponding to the
Y dimension was identified.

An RNN with a formula query mechanism, named QuerySAT, is a recurrent
neural SAT solver for solving SAT problem in PL Ozolins et al. (2022)
(X3.1.1.1: SAT solving). PL formulas are represented in CNF (X6.2: logic
expressivity). During the reasoning process, its query mechanism generates a
candidate solution (query). This query is evaluated using an unsupervised loss
function that measures how well it satisfies the given SAT instance, and the
evaluation result is fed back to the RNN for further interpretation (X3.1.2.3:
query-aware formula generation).

Table 29. X-Y annotations and ANN architectures of NeSy frameworks, 2022.

ID Reference XandY ANN
concept architecture

1 Zhang et al. (2022b) see Zhang BERT
et al. (2023) in
Table 30

2 Fan and Zhang (2022) X6.1, X6.2 Noan

3 Kho et al. (2022) X2.1, X3.1.1.1, HNN
X4.5

4 Ozolins et al. (2022) X3.1.1.1, RNN
X3.1.2.3, X6.2

5 Zhang et al. (2022a) X1.1, X3.1.1.1 TenSAT
X5.1, X2.1

6 Zamri et al. (2022a), X2.1, X6.2 DHNN

Zamri et al. (2022b), X4.5,X3.1.1.1
Zamri et al. (2022c¢)

7 Someetheram et al. (2022) X6.2, X3.2 DHNN
X4.5, X2.1

8 Li and Si (2022) X2.1, GNN
X3.1.1.1, X6.2

9 Karim et al. (2022) X2.1, X6.2, DHNN
X3.1.1.1

10 Gaoetal. (2022) see Gao et al.
(2024) in
Table 31

11 Guo et al. (2022) see Guo et al.
(2024) in
Table 31

12 Chang et al. (2022) X1.1, GNN
X3.1.1.1, X6.2

13  Alway et al. (2022) X2.1, X6.2 DHNN

14  Abubakar (2022) X3.2 HNN

15 Freivalds and Kozlovics (2022) X3.1.1.1 GNN

DiffusionSat combines a denoising diffusion algorithm with a recurrent
GNN to generate solutions for SAT instances expressed in CNF (X3.1.1.1:
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SAT solving) Freivalds and Kozlovics (2022). For randomly generated CNF
with three literals, training instances contain 5-100 variables, while accuracy
tests use instances with up to 405 variables (Freivalds and Kozlovics 2022,
Appendix A).

Neural logic analogy learning (Noan) is a neural architecture presented
in Fan and Zhang (2022) that was developed to solve letter-string analogy
problems. In this approach, each analogy problem is converted into PL
expressions, and candidate answers are ranked using the predicted true or
false scores of those expressions (Fan and Zhang 2022, pp. 2-3, Sections 2.2
and 2.4). Each alphabetic character « € A,...,Z is represented by a PL
variable v,, while the characters occurring in a string are connected by
conjunction. Noan does not introduce a separate PL variable for each string
position (Fan and Zhang 2022, p. 2, Section 2.2). The Noan ANN learns
PL variables as vector embeddings and each PL connective (V,A,—) as a
neural module to evaluate the resulting PL expressions (X6.1: algorithmic
alignment). The neural modules are trained using soft logical regularizers
corresponding to selected laws of PL. (Fan and Zhang 2022, pp. 2-3,
Sections 2.2-2.3) (X6.2: logic expressivity). Noan builds a computational
graph that integrates the ANN with logical reasoning to capture the structural
information of the analogy expressions (Fan and Zhang 2022, see Abstract).
Noan predicts a score in [0, 1] for each expression by comparing its vector
representation with a fixed True vector T and uses this score to rank a
manually constructed set of candidate answers (Fan and Zhang 2022, pp. 2-3,
Sections 2.2 and 2.4). This learned scoring procedure is neither a satisfiability
decision (X1.1: satisfiability decision) nor a logical consequence (X1.2: logical
consequence), and it is not reasoning performed by a symbolic PL engine. The
paper provides no assurance mechanism corresponding to Y1: verification,
Y2: interactive explanation, or Y3: soundness assessment.

In Zhang et al. (2022a), the authors design the TenSAT SAT solver that
improves performance with numerous PL variables (Zhang et al. 2022a, see
Abstract). TenSAT addresses SAT for CNF formulas by predicting satisfiability
(Zhang et al. 2022a, p. 204) (X1.1: satisfiability decision; X3.1.1.1: SAT
solving; X2.1: satisfiability witness generation). Tests on formulas with more
propositional variables evaluate generalization (Zhang et al. 2022a, pp. 205-
209) (X5.1: logical generalization).

An r2SAT logic structure that represents a class of PL formulas written
in CNF is embedded as the logical rule in a DHNN Zamri et al. (2022a).
Each PL literal in the r2SAT logic structure is implemented as a neuron
in the DHNN (X6.2: logic expressivity). Metaheuristic is used to minimize
logical inconsistency when searching for satisfying assignments (X4.5:
heuristic optimization for SAT; X3.1.1.1: SAT solving). Specifically, the

Prepared using sagej.cls



2161

2162

2163

2164

2165

2166

2167

2168

2169

2170

2171

2172

2173

2174

2175

2176

2177

2178

2179

2180

2181

2182

2183

2184

2185

2186

2187

2188

2189

2190

2191

2192

2193

2194

2195

2196

2197

2198

2199

2200

2201

Krdzavac and Engel 73

training algorithms minimize the r2SAT cost function (Er,,,,) (Zamri et al.
2022a, Formula 13) to search for satisfying assignments of the r2SAT
formula (I';2saT). The resulting optimal DHNN neuron states encode truth
assignments that satisfy every clause and therefore satisfy the PL formula
written in CNF (Zamri et al. 2022a, Section 7.2, p. 14) (X2.1: satisfiability
witness generation).

Closely related to the previous work Zamri et al. (2022a), the study Zamri
et al. (2022b) embeds the r2SAT formula, written in CNF with clauses
containing one and two literals, as a logical rule in a DHNN. Bipolar neuron
states represent Boolean interpretations (X6.2: logic expressivity). A genetic
algorithm minimizes the cost function to search for satisfying assignments
(X2.1: satisfiability witness generation; X4.5: heuristic optimization for SAT;
X3.1.1.1: SAT solving). The paper provides no SAT or UNSAT decision, formal
SAT proof, certificate, or proof-validation mechanism. Therefore, it receives
an empty Y annotation set.

In Zamri et al. (2022c), the authors compare the DHNN-r2SAT and DHNN-
3SAT models (Zamri et al. 2022c, p. 5, see Experimental settings). The
r2SAT and 3SAT logical rules are embedded in a DHNN, where bipolar
neuron states represent Boolean interpretations (X6.2: logic expressivity).
Exhaustive search in both models minimizes logical inconsistency to find
satisfying assignments, while DHNN dynamics retrieve global minimum
states (X2.1: satisfiability witness generation; X4.5: heuristic optimization for
SAT; X3.1.1.1: SAT solving). The framework provides no UNSAT refutation,
resolution or entailment proof, certificate, proof validation, or sound-and-
complete SAT decision procedure. Therefore, its Y annotation set is empty.
Overall, DHNN-3SAT model finds satisfying truth assignments more often
than DHNN-r2SAT (Zamri et al. 2022c, p. 9, see Table 5).

In Someetheram et al. (2022), Random Maximum 2 Satisfiability
(RAN2SAT), a class of PL formulas in CNF with two literal clauses
(Someetheram et al. 2022, see Formula 2), is embedded in a DHNN, whose
bipolar states encode Boolean assignments (X6.2: logic expressivity). The
improved election algorithm heuristically maximizes satisfied clauses (X3.2:
MaxSAT optimization; X4.5: heuristic optimization for SAT). An assignment
that satisfies all clauses is a witness (X2.1: satisfiability witness generation).
However, it does not provide a complete SAT decision (X1.1: satisfiability
decision), UNSAT refutation (X2.2: UNSAT refutation), certificate support
(Y1.1: certificate support), or proof validation (Y1.2: proof validation). Thus,
no Y concept is assigned.

NSNet Li and Si (2022) is a NeSy framework that performs SAT
solving (X3.1.1.1: SAT solving) with satisfiability witness generation (X2.1:
satisfiability witness generation) for PL formulas written in CNF (X6.2: logic
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expressivity). The core neural component is a GNN that parameterizes the
Belief Propagation algorithm in the latent space and performs marginal
inference among all satisfying solutions of the CNF formula (Li and Si 2022,
Section 3.3, Equation 8). A truth assignment can be generated by rounding
and executing a stochastic local search (Li and Si 2022, see Abstract).

In Karim et al. (2022), the authors integrate a class of PL formulas,
namely RANKSAT, containing clauses with two or three literals, into a DHNN
(X6.2: logic expressivity). Thus, a DHNN-RANKSAT model directly supports
both SAT solving (X3.1.1.1: SAT solving) and satisfiability witness generation
(X2.1: satisfiability witness generation). A satisfiability witness is generated
when the DHNN reaches a global minimum energy. However, the DHNN-
RANKSAT model Karim et al. (2022) does not provide UNSAT refutation, proof
generation, proof validation, or a general SAT or UNSAT decision procedure.

The graph attention network model (GAT-SAT) predicts the satisfiability of
stochastic SAT instances represented as PL formulas in CNF (X3.1.1.1: SAT
solving; X6.2: logic expressivity) (Chang et al. 2022, p. 84, see Figure 1). Each
SAT instance is encoded as an undirected graph represented by an adjacency
matrix (Chang et al. 2022, Section 3). The GAT-SAT model takes as input only
the adjacency matrix, which may represent any number of literals and clauses
(Chang et al. 2022, Section 3.2). A score above (0.5) results in classification
as SAT; otherwise, the PL formula is classified as UNSAT (X1.1: satisfiability
decision).

The Major 2 Satisfiability (MAJ2SAT) is a restricted class of PL formulas
in CNF containing clauses with two or three literals (Alway et al. 2022,
p. 926). This MAJ2SAT is implemented into DHNN, resulting in the DHNN-
MAJ2SAT model. The DHNN-MAJ2SAT flowchart consists of a training phase
and testing phase (Alway et al. 2022, see Figure 2). DHNN-MAJ2SAT takes the
user-defined ratio (o« = --—) as input. It determines pnajosar = A" AZ(.Q) A

m—+n
A Al@) (X6.2: logic expressivity). Training checks clause satisfaction until
Eogiassar =0, and stores synaptic weights (X2.1: satisfiability witness
generation). Testing relaxes the DHNN and classifies final energy as a global
or local minimum.

In Abubakar (2022), the author explicitly maps RANMAXESAT PL formulas
written in CNF, with at most three literals per clause, to an HNN. The
energy function of the HNN is used as a dynamic minimization mechanism
(Abubakar 2022, see Abstract). Therefore, the framework supports the
optimization of RANMAXESAT logical formulas. This functionality is mapped
to MaxSAT optimization (X3.2) in the X-Y-Z taxonomy. It should not be
classified as satisfiability decision (X1.1) or satisfiability witness generation
(X2.1) because the optimization does not require every clause to be satisfied.
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No UNSAT refutation, entailment, resolution, proof, or other assurance
mechanism is provided.

In Tran and Garcez (2023), the authors introduce an LBM that
can represent any PL formula (Tran and Garcez 2023, see Abstract).
The authors also prove the equivalence between PL and RBM
(Tran and Garcez 2023, Introduction). Specifically, a PL formula can be
encoded in an LBM by translating it into a DNF. The authors demonstrate
that the resulting LBM can determine that a PL formula is SAT (X1.1:
satisfiability decision); see Table 30) without the need for training data.
However, the LBM cannot deterministically prove that a PL formula is
UNSAT. Additionally, the framework presented in Tran and Garcez (2023)
does not perform theorem proving in PL.

In Liu et al. (2023), authors describe two GNN models, GMS-N and GMS-
E, that encode PL formulas in CNF as clause variable-incidence graphs (Liu
et al. 2023, Figure 1). These models are trained to predict the solution of the
MaxSAT problem (X3.2: MaxSAT optimization). Evaluation of these models on
larger instances demonstrates logical generalization (X5.1).

Table 30. X-Y annotations and ANN architectures of NeSy frameworks, 2023.

ID Reference XandY ANN
concept architecture

1 Liu et al. (2023) X3.2, X5.1 GNN (GMS-N, GMS-E)

2 Tran and Garcez (2023) X1.1 LBM

3 Shi et al. (2023) X5.3, X1.1 GNN
X3.1.1.1

4 Roslan et al. (2023) X2.1, X4.5, DHNN
X3.1.1.1,
X6.2

5 Moriyama et al. (2023) X4.2, X5.3 GNN

6 Li et al. (2023) X2.1, GNN
X3.1.1.1
X4.5

7 Hu et al. (2023) X3.2,X4.3 GNN
X4.5

8 Azizan and Sathasivam (2023) X3.1.1.1, HNN
X4.5

9 Azizan et al. (2023a) X3.1.1.1, HNN
X4.5

Azizan et al. (2023b) X6.2, X2.1

10 Alietal. (2023) X3.1.1.1, HNN
X4.5
X6.2, X2.1

11  Abdeen et al. (2023) X2.1, X6.2 DHNN
X3.1.1.1

12 Zhang et al. (2023) X1.2, X6.2 BERT

13 Tonshoff et al. (2023) X3.1.1.1, GNN
X3.2,
X4.5
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The ANYCSP method uses a recurrent GNN to process general CSP
instances represented as constraint value graphs (Tonshoff et al. 2023,
p. 4281, Figure 1; p. 4282, Section 4.1). For SAT instances expressed as PL
formulas in CNF, it predicts probabilities over variable values and samples
candidate truth assignments during global search (X3.1.1.1: SAT solving)
(Tonshoff et al. 2023, Sections 4.2 and 5). For MaxSAT, ANYCSP searches
for assignments that maximize the number of satisfied clauses (X3.2: MaxSAT
optimization) (Tonshoff et al. 2023, p. 4286, Table 4). The GNN is trained
using REINFORCE with stochastic policy gradient ascent to serve as a global
search heuristic for CSPs, including SAT (X4.5: heuristic optimization for SAT)
(Tonshoff et al. 2023, Section 4.2, pp. 4283-4284). The reported evidence
does not establish an assurance mechanism eligible for ¥ annotation.

SimpleLogic uses definite clauses of the form A;AAsA---A
A, — B in reasoning tasks in PL (X6.2: logic expressivity)
(Zhang et al. 2022b, p. 3366, Section 2.1). The reasoning task is to determine
whether a query atom can be proved from the facts and rules. More formally,
prove B when each of A,,...,A, can be proved from the propositional
theory (X1.2: logical consequence). An example of a SimpleLogic reasoning
problem sampled using the rule-priority and label-priority methods is
illustrated in (Zhang et al. 2023, p. 3368, Figure 3). BERT performs well
on examples drawn from its training distribution but fails to generalize to
other distributions over the same reasoning problem space (X5.1: logical
generalization).

SATformer explicitly addresses satisfiability prediction for PL formulas in
CNF using a GNN. It is trained using a multi-task learning approach (Shi et al.
2023, Abstract) and incorporates clause-level UNSAT core learning (X5.3:
UNSAT-core prediction) to support formula classification. However, its neural
outputs are approximate and should not be treated as proofs or certified
UNSAT-cores (X1.1: satisfiability decision; X3.1.1.1: SAT solving). A predicted
UNSAT-core is neither a resolution refutation nor an independently verified
UNSAT certificate. A'Y concept is not assigned to the SATformer framework
because no certificate, external verification, proof validation, or soundness
assessment is reported Shi et al. (2023).

Major 3 Satisfiability (MAJ3SAT) logic structure is embedded in a DHNN.
MAJ3SAT is a restricted class of PL formulas in CNF, where clauses with
three literals are predominant and combined with clauses containing one or
two literals (X6.2: logic expressivity) (Roslan et al. 2023, pp. 22451-22453,
Sections 3-4.1). During learning, the election algorithm searches candidate
neuron states to maximize the fitness of each neuron and minimize the
MAJ3SAT cost function (X4.5: heuristic optimization for SAT). A fully satisfied
interpretation has zero cost (X2.1: satisfiability witness generation; X3.1.1.1:

Prepared using sagej.cls



2300

2301

2302

2303

2304

2305

2306

2307

2308

2309

2310

2311

2312

2313

2314

2315

2316

2317

2318

2319

2320

2321

2322

2323

2324

2325

2326

2327

2328

2329

2330

2331

2332

2333

2334

2335

2336

2337

2338

2339

2340

Krdzavac and Engel 77

SAT solving). No assurance mechanism within the scope of the Y dimension
was identified in the paper.

The GNN-MUS model is a trainable GNN that extracts minimal
unsatisfiable subsets of PL clauses. These subsets serve as explanations
for the unsatisfiability (Moriyama et al. 2023, Abstract) (X5.3: UNSAT-core
prediction; X4.2: clause selection quality). Rather than providing a certified
UNSAT refutation, it supplies clause predictions, and no Y concept is assigned
Moriyama et al. (2023).

A PL formula in CNF is converted into a directed acyclic GNN
representation Li et al. (2023). A trained GNN predicts an initial assignment
for a local-search SAT solver (X4.5: heuristic optimization for SAT). DeepSAT
produces satisfying assignments for the SAT instance from the trained
conditional generative model using a simple solution sampling scheme (X2.1:
satisfiability witness generation; X3.1.1.1: SAT solving) (Li et al. 2023, see
Introduction).

A framework presented in Hu et al. (2023) formulates the problem of fixing
privilege escalations in cloud access control as a MaxSAT problem. It then
uses a GNN to improve the scalability of MaxSAT solving (X3.2: MaxSAT
optimization; X4.5: heuristic optimization for SAT). The GNN predicts a subset
of candidate repair operations, thereby restricting the repair space that the
MaxSAT solver searches. The MaxSAT solver then computes the final repair
(X4.3: search-space pruning). However, the paper does not report a proof
certificate or assurance mechanism corresponding to the Y dimension, so no
Y concept is assigned to the framework.

In Azizan and Sathasivam (2023), the authors integrate a PL formula
in CNF with clauses containing exactly three literals and an HNN. They
use randomized alpha-cut fuzzy logic to modify unsatisfied clauses while
searching for a global minimum neuron state. This approach directly
supports heuristic SAT solving in PL (X3.1.1.1: SAT solving; X4.5: Heuristic
optimization for SAT). However, the paper does not establish a SAT or UNSAT
decision, an UNSAT refutation, or proof assurance. Accordingly, the paper
does not clearly report a complete truth assignment verified against the entire
formula.

In Azizan et al. (2023a), the authors work on finding assignments that make
an entire PL formula true. The 3SAT logical structure, representing a class
of PL formulas written in CNF with exactly three literals in each clause, is
embedded in an HNN (X6.2: logic expressivity), while a genetic algorithm
optimizes the candidate neuron states, returning them in bipolar form as
candidate satisfying assignments. This capability is assigned the survey
annotations satisfiability witness generation (X2.1), SAT solving (X3.1.1.1),
and heuristic optimization for SAT (X4.5). The framework does not decide
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UNSAT or produce an UNSAT refutation. Therefore, X1.1 and X2.2 are not
assigned. MAX-3SAT is mentioned only as future work. No Y concept is
supported.

In Azizan et al. (2023b), Boolean satisfiability is defined over PL formulas
written in CNF with emphasis on 3SAT formulas containing three literals
per clause. The HNN-3SATFuzzy model encodes the 3SAT in an HNN (X6.2:
logic expressivity). Heuristic optimization techniques based on fuzzy logic
expand the search over candidate neuron states, convert candidate states
into crisp values, and adjust neuron states associated with unsatisfied clauses
(X4.5: heuristic optimization for SAT). The resulting interpretation supports
the survey annotations X2.1: satisfiability witness generation and X3.1.1.1:
SAT solving. The paper reports neither a complete SAT or UNSAT decision
nor an UNSAT refutation. No Y concept is supported.

In Ali et al. (2023), exact Boolean (k)-satisfiability is formulated over PL
formulas written in CNF, with the requirement that exactly one literal be true
in every clause. Each bipolar neuron string represents a truth assignment,
and the artificial dragonfly algorithm searches these assignments. A
satisfying assignment is stored in the HNN memory component (X2.1:
satisfiability witness generation; X3.1.1.1: SAT solving; X4.5: heuristic
optimization for SAT; X6.2: logic expressivity). However, the framework does
not establish a complete SAT or UNSAT decision nor produce an UNSAT
refutation. This implies that concepts X1.1 and X2.2 are not assigned. No
assurance mechanism corresponding to the Y dimension is reported.

In Abdeen et al. (2023), S-Type Random 2SAT (S2SAT) logic represents PL
formulas in CNF with clauses containing one or two literals. The S2SAT logic
is embedded in a DHNN (X6.2: logic expressivity). The framework minimizes
a logic-derived cost function, where a zero-cost state represents a consistent
interpretation that satisfies all clauses (X3.1.1.1: SAT solving). The final
neuron states encode the corresponding truth assignment (X2.1: satisfiability
witness generation). However, the paper does not provide a complete SAT and
UNSAT decision procedure nor an UNSAT refutation. There is no reported
certificate, proof-validation procedure, or other assurance mechanism in the
Y dimension.

The NeuroBack approach enhances a CDCL SAT solver with GNN guidance
Wang et al. (2024a). NeuroBack converts a PL formula written in CNF into a
graph representation and uses a GNN to predict variable phases that guide
the CDCL SAT solver. The CDCL SAT solver, not the GNN, performs the
satisfiability search and returns SAT or UNSAT result (X1.1: satisfiability
decision; X3.1.1.1: SAT solving; X4.5: heuristic optimization for SAT). No Y
assurance mechanism is reported (Wang et al. 2024a, p. 4, Section 4.1).
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Table 31. X-Y annotations and ANN architectures of NeSy frameworks, 2024.

D Reference XandY ANN
concept architecture

1 Wang et al. (2024a) X1.1, X3.1.1.1, GNN
X4.5

2 Ghanem (2024) X2.2,X3.1.1.2, GNN
Y1.1,Y1.1.1,
Y1l.4.1

3 Xie et al. (2024) X4.5, X2.1 DHNN
X3.1.1.1

4 Rusdi et al. (2024) X2.1,X3.1.1.1 DHNN
X4.5, X6.2

5 Roslan et al. (2024) X2.1, X3.1.1.1 DHNN
X6.2, X4.5

6 Manoharam et al. (2024) X2.1 DHNN
X3.1.1.1, X4.5
X6.2

7 Jiang et al. (2024) X6.2, X3.1.1.1 DHNN

8 Guo et al. (2024) X3.1.1.1, X4.5 DHNN
X6.2

9 Gao et al. (2024) X2.1, X4.5 DHNN
X6.2, X3.1.1.1

10 Feng and Sathasivam (2024) X6.2, X3.1.1.1 DHNN

11 Feng et al. (2024) X2.1, X4.3, X4.5 DHNN
X6.2, X3.1.1.1

12 Chen et al. (2024) X4.3, X4.5 DHNN
X6.2

13 Chang et al. (2024) X1.1,X3.1.1.1 GRU-NN
X5.1, X6.2

14 Farooque et al. (2024) X1.1, X4.4, X4.5 GAT
X6.2, X3.1.1.1

15 Hdla et al. (2024) X1.1, X2.1, GNN
X3.1.1.1, X3.2, NeuroSAT
X4.3, X4.5
X5.1, X6.2

16 Zhang et al. (2024b) X1.1, X3.1.1.1, GNN
X3.1.2.4 GraSs

17 Zheng et al. (2024) X3.1.2.3, GNN
X3.1.1.1,
X1.1, X6.2

18 Lymperopoulos and Liu (2024) X4.3, X1.1 GNN
X3.1.1.1

The ANF-based graph representation encodes XOR and AND operations in
cryptographic SAT instances (X6.2: logic expressivity). For each key bit, two
extended instances fix it to 0 or 1 (X3.1.2.3: query-aware formula generation).
CryptoANFNet, a supervised GNN classifier, produces satisfiability scores
(X1.1: satisfiability decision; X3.1.1.1: SAT solving). Repeating the higher-
score selection yields a candidate key assignment. The authors report no
verification, interactive explanation, or soundness assessment mechanism
Zheng et al. (2024).

NeuRes, a NeSy generative model, is presented in Ghanem (2024). Unlike
NeuroBack, which uses GNN guidance for CDCL SAT solving (Wang et al.
2024a, p. 4, Section 4.1), NeuRes generates verifiable resolution proofs
for unsatisfiable PL formulas expressed in CNF (X2.2: UNSAT refutation;
X3.1.1.2: resolution; Y1.1: certificate support; Y1.1.1: certificate format;
Y1.4.1: UNSAT certification). Its architecture employs a GNN to embed a
PL formula written in CNF (Ghanem 2024, p. 10, Section 3.3). A message-
passing GNN is used to obtain clause embeddings (Ghanem 2024, p. 12,
Section 4.2). The NeuRes model is trained via teacher forcing on expert proofs
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(Ghanem 2024, p. 21, Section 5.2). It is designed to produce easily checkable
UNSAT certificates (Y1.1: certificate support) in the form of resolution proofs
(Ghanem 2024, see Abstract).

The DHNN-3SAT model Xie et al. (2024) integrates a DHNN with a
genetic algorithm optimized K-modes clustering for Boolean SAT problems
(X4.5: heuristic optimization for SAT) involving CNF formulas in which each
clause has at most three literals (X2.1: satisfiability witness generation;
X3.1.1.1: SAT solving). However, it does not establish general SAT/UNSAT
decision capability (X1.1) because search failure does not imply UNSAT.
It provides no UNSAT refutation (X2.2), certificate support (Y1.1), external
verification (Y1.1.2), proof validation (Y1.2), or refutation certification (Y1.4).
Its empirical results provide no general soundness guarantee and assessment
(X7; Y3).

Negative Based Higher Order Systematic Satisfiability (NR3SAT) repre-
sents a restricted class of CNF in which every three-literal clause contains
at least one negative literal (X6.2: logic expressivity) (Rusdi et al. 2024,
Formula 3). The NR3SAT is embedded in a DHNN Rusdi et al. (2024). The
DHNN states encode truth assignments, and a cost of zero indicates that
every clause is satisfied (X2.1: satisfiability witness generation; X3.1.1.1:
SAT solving) (Rusdi et al. 2024, pp. 29826-29829, Sections 3-4, Egs. (1)-
(13), Algorithm 1). The hybrid black hole algorithm (HBHA) optimizes the
retrieval phase of DHNN (X4.5: heuristic optimization for SAT) (Rusdi et al.
2024, p. 29837, Algorithm 2). No Y concept is assigned because no assurance
mechanism is reported.

CRANZ2SAT is a restricted class of PL formula in CNF in which a set
of literals can be either positive or negative (X6.2: logic expressivity)
(Roslan et al. 2024, p.3916, Section 3). The CRAN2SAT formula is encoded
in the DHNN cost function and synaptic weights. During retrieval, the
Smish function updates the states of the DHNN neurons and yields bipolar
outputs (X3.1.1.1: SAT solving; X4.5: heuristic optimization for SAT) (Roslan
et al. 2024, p.3917, Section 3). The resulting bipolar values collectively
represent a candidate CRAN2SAT truth assignment (X2.1: satisfiability
witness generation). The bipolar values (1) and (-1) denote true and false,
respectively. Thus, (Pcran2saT = 1) when every clause is satisfied and
(PcranesaT = —1) otherwise (Roslan et al. 2024, p. 3917, Section 3). The
method produces neither UNSAT refutations nor proofs. No Y concept is
assigned to the CRAN2SAT.

In the DHNN-MR1,3SAT approach, the MR1,3SAT logic defines a restricted
class of randomly generated PL formulas in CNF (X6.2: logic expressivity)
(Manoharam et al. 2024, Formulas 6 and 7). The DHNN embeds MR1,3SAT
logic by representing each propositional variable as a Hopfield neuron.
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During retrieval, the DHNN relaxes a random bipolar state toward an
energy minimum. The final state is treated as a satisfying assignment only
if its energy is within the prescribed tolerance of the predefined global
minimum (X2.1: satisfiability witness generation; X3.1.1.1: SAT solving; X4.5:
heuristic optimization for SAT) (Manoharam et al. 2024, p. 12094, Section 1;
pp. 12101-12102; Figure 2; Algorithm 1). There is no description of an explicit
certificate support, external verification, or refutation assurance mechanism.
Therefore, no Y concept is assigned to the DHNN-MR1,3SAT.

In (Jiang et al. 2024, p. 3320, Section 2, Egs. (1)-(2)), PL formulas written
in CNF, with two or three literals per clause, are embedded in a DHNN (X6.2:
logic expressivity). A random formula from this class is generated, and its
clauses are checked under a candidate interpretation. When all clauses are
satisfied by the interpretation, synaptic weights are computed and stored
in the DHNN. The network retrieves final neuron states through local-field
computation, and the energy of each state determines whether it is classified
as a global- or local-minimum solution (Jiang et al. 2024, p. 3320, Figure 1).
The resulting DHNN aims to retrieve global-minimum neuron-state vectors
that encode truth assignments satisfying the corresponding PL formula (X2.1:
satisfiability witness generation; X3.1.1.1: SAT solving) (Jiang et al. 2024,
pp. 3321-3323, Section 3, Egs. (7)-(14)). The paper does not report a SAT
or UNSAT decision or an UNSAT refutation. It also reports no assurance
mechanism corresponding to the Y dimension; therefore, no Y concept is
assigned to the framework.

The framework embeds PL formulas written in CNF into a dynamic
evolution variant of the HNN (X6.2: logic expressivity). The experiments vary
the number of constraint clauses from 1 to 1500 and evaluate the model’s
search for global minima (X3.1.1.1: SAT solving) (Feng and Sathasivam 2024,
see Abstract). However, the abstract does not establish support for either
SAT or UNSAT decision or satisfiability witness generation and reports no
assurance mechanism corresponding to the Y dimension.

The DHNN-2SAT-CSAFC framework embeds PL formulas written in CNF,
with exactly two literals per clause, in a DHNN to solve 2SAT (X6.2: logic
expressivity). The Crow Search Algorithm (CSA) guides fuzzy clustering in the
context of global optimization. During retrieval, the method selects a subset
of initial assignments with favorable cost functions, thereby narrowing the
search space (X4.3: search-space pruning; X4.5: heuristic optimization for
SAT). The DHNN retrieves global-minimum neuron states corresponding to
consistent interpretations that satisfy every clause (X2.1: satisfiability witness
generation; X3.1.1.1: SAT solving). The paper provides insufficient evidence
to assign a Y-dimension assurance annotation. (Feng et al. 2024, pp. 9242-
9244, Sections 3.1-3.2; p. 9244, Figure 5).
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The study by Gao et al. (2024) extends the DHNN-GRAN3SAT framework
introduced in Gao et al. (2022) by introducing BOSACO and BOSACO-t to
optimize the retrieval phase (Gao et al. 2024, see Abstract). In (Gao et al.
2024, Sections 2-3), the G-Type Random 3 Satisfiability (GRAN3SAT) logic
structure is embedded in a DHNN. GRAN3SAT represents a restricted class
of PL formulas in CNF in which each clause contains one, two, or three
literals (X6.2: logic expressivity) (Gao et al. 2024, Section 2.1). During the
DHNN learning phase, the Binary Optimal Solution Ant Colony Optimization
(BOSACO) optimizes the performance of the GRAN3SAT structure embedded
in the DHNN. The DHNN then uses energy minimization to retrieve candidate
neuron-state vectors (X4.5: heuristic optimization for SAT) (Gao et al. 2024,
Sections 2-3). A zero value of the GRAN3SAT cost function indicates that the
corresponding interpretation satisfies PL formula (X2.1: satisfiability witness
generation; X3.1.1.1: SAT solving) (Gao et al. 2024, Section 2.1).

MTS-PRO2SAT embeds the Probabilistic 2 Satisfiability (PRO2SAT) logical
structure into a DHNN. PRO2SAT is expressed in CNF, with clauses
containing positive or negative literals (X6.2: logic expressivity). During the
learning phase, the Hybrid Mutation Tabu Search (MTS) algorithm searches
for a neuron-state assignment that minimizes the PRO2SAT cost function
(X4.5: heuristic optimization for SAT). The tabu table records previously
visited neuron-state assignments and helps prevent the MTS algorithm from
revisiting them, thereby reducing redundant searches (X4.3: search-space
pruning). The paper does not report an assurance mechanism corresponding
to the Y dimension. Furthermore, no Y concept is assigned to the MTS-
PRO2SAT framework (Chen et al. 2024, p. 3; pp.5-11, Sections3-6.1; p.17,
Figure3).

TG-SAT encodes SAT instances represented in CNF as undirected graphs
(Chang et al. 2024, p. 6, Figure 1). That graph is integrated into GRU-
NN (X6.2: logic expressivity). The TG-SAT model is trained as a classifier
to predict the SAT of a PL formula written in CNF (X1.1: satisfiability
decision; X3.1.1.1: SAT solving). It is tested with instances having 150-300
variables (X5.1: logical generalization) (Chang et al. 2024, Table 5). The
binary classification output is a satisfiability decision rather than constructive
evidence. TG-SAT returns neither a satisfying assignment for a SAT prediction
nor an UNSAT refutation for an UNSAT prediction (Chang et al. 2024, pp. 18-
20). Accordingly, no Y-dimension annotation is assigned.

NeuroDual integrates a GAT NN into MiniSAT’s CDCL process to determine
the satisfiability of PL formulas written in CNF (X6.2: logic expressivity). The
GAT computes an assignment score for each variable, thereby providing a
decision heuristically (X4.4: branching heuristic; X4.5: heuristic optimization
for SAT). MiniSAT then performs the satisfiability search (X1.1: satisfiability
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decision; X3.1.1.1: SAT solving). The accessible abstract reports neither
satisfying assignment generation nor UNSAT refutation and describes no
assurance mechanism corresponding to the Y dimension. Therefore, no Y
concept is assigned to the NeuroDual framework (Farooque et al. 2024, see
Abstract).

The paper Hila et al. (2024) explicitly applies GNN to enhance NeuroSAT
architecture to solve SAT in PL. NeuroSAT encodes a PL formula as
graphs (X6.2: logic expressivity). NeuroSAT predicts whether the PL formula
is SAT or UNSAT (X1.1: satisfiability decision; X3.1.1.1: SAT solving;
X2.1: satisfiability witness generation). Applying decimation increases the
percentage of SAT instances for which NeuroSAT finds a satisfying
assignment (X4.3: search-space pruning; X4.5: heuristic optimization for
SAT). Experiments using MaxSAT training support X3.2: MaxSAT optimization
(Hila et al. 2024, Introduction). Tests on larger Latin squares and Sudoku
instances support X5.1: logical generalization (Hula et al. 2024, Table 1;
Section 5.3). None of the reported mechanisms corresponds to a concept in
the Y dimension.

Graph Neural Network SAT Solver Selector (GraSS) combines a GNN
with expert knowledge for per-instance SAT solver selection (Zhang et al.
2024b, p. 6301). It directly guides SAT solving (X3.1.1.1: SAT solving) and
adapts solver choice per instance (X3.1.2.4: strategy adaptation), supporting
decisions through the selected solver (X1.1: satisfiability decision). The GNN
does not itself derive assignments or refutations. No Y concept is assigned
because certificate generation, proof validation, and external verification are
not described.

In Lymperopoulos and Liu (2024), the authors train a GNN on a graph
representation of a CNF formula and use its output to prune clauses before
an existing minimal unsatisfiable subsets (MUS) enumerator is applied. The
learned component directly reduces the MUS search space (X4.3: search-
space pruning). The symbolic enumerator performs satisfiability checks for
SAT for CNF formulas (X1.1: satisfiability decision; X3.1.1.1: SAT solving). No
proof-certificate mechanism is reported.

The framework presented in Guo et al. (2024) extends the YRAN2SAT-based
work of Guo et al. (2022) by optimizing the learning and retrieval phases using
the Hybrid Differential Evolution Algorithm (HDEA) and Swarm Mutation,
respectively (Guo et al. 2024, see Abstract). YRAN2SAT defines a restricted
class of PL formulas comprising conjunctions of randomly generated PL
clauses (X6.2: logic expressivity) (Guo et al. 2024, pp. 14-15, Section 3).
The framework embeds YRAN2SAT as a logical rule in a DHNN. During
the DHNN learning phase, HDEA obtains neuron states that minimize the
YRAN2SAT cost function (X4.5: heuristic optimization for SAT). The neuron
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states minimizing this cost function represent truth interpretations that
satisfy the SAT formula (X3.1.1.1: SAT solving) (Guo et al. 2024, p. 3,
Section 1).

DeepSAT is a research framework that aims to apply RNN to automated
theorem proving in PL. Amato et al. (2025). A PL formula is initially converted
into a binary syntax tree and then processed by a Tree-LSTM model. This
Tree-LSTM model is trained to predict whether such a PL formula is a
tautology (Amato et al. 2025, see Abstract). This trained model is integrated
into a Monte Carlo Tree Search (MCTS) agent (Amato et al. 2025, p. 6,
Section 4). The DeepSAT framework constructs a formal proof of validity
(Y1.2: proof validation) (Amato et al. 2025, see Abstract).

The SOM-NN solver addresses the SAT problem in PL by utilizing a
multi-step division method (X3.1.1.1: SAT solving) (Yun and Wang 2025,
p. 6, Figure 3; p. 7, Figure 4). It includes preliminary clustering, SOM-NN
clustering, and minimum cut division (Yun and Wang 2025, p. 7, Figure 4).
The study does not document an assurance mechanism covered by the Y
dimension Yun and Wang (2025).

LagONN uses phase-based oscillatory neurons and Lagrange oscillators
to search for solutions to SAT for CNF formulas (X3.1.1.1: SAT solving)
(Delacour et al. 2025, Sections 3.1-3.4). Successful runs find satisfying
assignments for random SAT instances with up to 200 variables and 860
clauses (X2.1: satisfiability witness generation). Failure does not establish
unsatisfiability.

The MILP-SAT-GNN model predicts the SAT of a PL formula expressed in
CNF (3.1.1.1: SAT solving) Cardillo et al. (2025). Formulas expressed in CNF
are mapped to MILP problems, which are then encoded in GNNs for training.

HyperSAT is a novel approach that employs a HyperGCN to solve the
weighted MaxSAT problem (X3.2: MaxSAT optimization; see Table 32) Chen
et al. (2025). HyperSAT uses a hypergraph to represent a weighted MaxSAT
instance (Chen et al. 2025, p. 3, Figure 1). Rather than treating the MaxSAT
problem as a formal reasoning task in PL, HyperSAT treats the prediction
of solutions to the Weighted MaxSAT problem as an inference task over
structured input (Chen et al. 2025, p. 2, the end of Section 1).

Liu et al. (2025b) define weighted random 3SAT as a CNF formula in
which each clause contains three literals and encode this formula in a DHNN
(X3.1.1.1: SAT solving; X4.5: heuristic optimization for SAT). The final neuron
states encode truth assignments. Cost function was derived by minimizing
the inconsistency of the logic (Liu et al. 2025b, see Abstract). Because the
paper reports no assurance mechanism corresponding to the Y dimension,
the framework receives an empty Y annotation set.
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Table 32. X-Y annotations and ANN architectures of NeSy frameworks, 2025-2026.

ID Reference XandY ANN
concept architecture
1 Amato et al. (2025) Y1.2 Tree-LSTM
NN
2 Mojzisek et al. (2025) X1.1 GNN
3 Langedijk et al. (2025) X2.1 LSTM,
X3.1.1.1 GCNN,
X5.1 Transformer
4 Chang and Liu (2025) X1.1, X3.1.1.1 GNN
(SAT-GATV2)
X5.1
5 Chen et al. (2025) X3.2 HyperGCN
6 Chang et al. (2025) X3.1.1.1 DHNN
7 Pan et al. (2025) X1.1, X3.1.1.1 Transformer
X4.3, X6.1,
X6.2
X5.1, X7, Y3
8 Liu et al. (2025b) X3.1.1.1, X4.5 DHNN
9 Chen and Sathasivam (2025) X3.1.1.1, X4.5 DHNN
10 Moriyama and Inoue (2025) X3.2,X3.1.1.1 SGAT, GNN
11  Zhai and Ge (2025) X1.1, X5.1 GNN
X3.1.1.1
X3.1.2.4
X4.4, X4.5
12 Liu et al. (2025a) X3.2, X4.5 GNN
13 Delacour et al. (2025) X3.1.1.1, X2.1 LagONN
14  Cardillo et al. (2025) X3.1.1.1 GNN
15  Yun and Wang (2025) X3.1.1.1 SOM-NN
16 Xie and Sathasivam (2026) X2.1 DHNN
Alway et al. (2026) X3.1.1.1
Chen and Sathasivam (2026) X4.5
17 Ténshoff and Grohe (2026) X1.1, X2.1 GNN
X3.1.1.1
X4.4, X4.5
18 Zhang et al. (2026) X4.4, X6.1 Perceiver AR,
X2.1, X3.1.1.1 ImitSAT
X5.1
19 Peltonen and Wattenhofer (2026) X3.1.1.1 GNN
20 Sun et al. (2026) X3.1.1.1, X2.1, DeepSeek-V3
X2.2,Y1.1.2
21 Hou (2026) X3.1.1.1, X4.4 MPNN
22 Ahsan et al. (2026) X3.2,X3.1.1.1 Autoencoder
23 Erata et al. (2026) X3.1.1.1, X4.4 Qwen3-4B

2602 A novel closest-assignment supervision method is introduced to improve
2603 the training process for solving SAT problem in PL Mojzisek et al. (2025).
2600 A GNN architecture is applied to predict satisfying assignments for Boolean
2605 SAT instances (X1.1: satisfiability decision); see Table 32) in PL Mojzisek et al.
2606 (2025). The terms inference and reasoning are both used throughout the
2607 paper. However, the authors do not adopt these notations in a formal logic
%08 Sense (see Sections 2.2 and Sections 2.3). Instead, inference is used in the
2600 machine learning sense, denoting the number of message passing iterations
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beyond the training distribution. The authors use the term reasoning
more descriptively to characterize the ANN’s behavior as analogous to the
continuous relaxation of MaxSAT (Mojzisek et al. 2025, see Abstract).

SAT-GATv2 is a GNN-based model that is designed to predict whether a
PL formula is satisfiable Chang and Liu (2025). The solution is based on
transforming a PL formula written in CNF into a literal-clause graph (X1.1:
satisfiability decision; X3.1.1.1: SAT solving) Chang and Liu (2025). The paper
provides limited empirical evidence of logical generalization (X5.1). The paper
does not generate an UNSAT refutation. Another decoder-only Transformer
has been implemented to solve the 3SAT problem in PL (X1.1: satisfiability
decision; X3.1.1.1: SAT solving) Pan et al. (2025). Unit propagation may
reduce some clauses to a single literal (X4.3: search-space pruning), while
implementing DPLL within the Transformer model supports X6.1: algorithmic
alignment and X6.2: logic expressivity. Logical generalization (X5.1) is limited
(Pan et al. 2025, Section 6). The formal correctness proof for the constructed
model supports soundness guarantee (X7) and soundness assessment (Y3)
(Pan et al. 2025, Appendix C.8).

Discrete HNNs are used to implement random 2SAT rules in PL (Chang
et al. 2025, Sections 2-3; Section 4). Authors use a binary artificial bee colony
algorithm to optimize logic generation (Chang et al. 2025, see Abstract).
In addition, the work in Chen and Sathasivam (2025) uses discrete HNNs
to solve the random 3SAT problem (X3.1.1.1: SAT solving; X4.5: heuristic
optimization for SAT). The paper does not provide a formal UNSAT refutation.
However, no concepts from the Y dimension are assigned to this paper.

An advanced, neural-based reasoning approach was used to develop a
SGAT as a novel GNN for solving the MaxSAT problem in PL (X3.2: MaxSAT
optimization; X3.1.1.1: SAT solving) (Moriyama and Inoue 2025, Section 2,
MaxSAT formulation; Section 3, graph-based attention; Figures 1-2). The
local search solver uses the SGAT to continuously solve the given MaxSAT
problem.

Zhai and Ge (Zhai and Ge 2025, pp. 4-6, Sections 3.1-3.3, Sections 4.1-
4.3; p. 16, Appendix B.2, Algorithm 1) use reinforcement learning to optimize
splitting heuristics (X3.1.2.4: strategy adaptation; X4.4: branching heuristic;
X4.5: heuristic optimization for SAT). Symbolic solvers, not the policy, decide
satisfiability (X1.1: satisfiability decision; X3.1.1.1: SAT solving). The transfer
from randomly generated 3SAT training instances to SAT Competition 2023
instances supports X5.1: logical generalization (Zhai and Ge 2025, p. 6,
Section 4.4; pp. 7-9, Sections 5.1-5.2).

In the work Langedijk et al. (2025), authors examine the generalization
of three neural architectures: Transformer, GCNN, and LSTM in a PL
reasoning task. The task requires models to generate satisfying assignments

Prepared using sagej.cls



2651

2652

2653

2654

2655

2656

2657

2658

2659

2660

2661

2662

2663

2664

2665

2666

2667

2668

2669

2670

2671

2672

2673

2674

2675

2676

2677

2678

2679

2680

2681

2682

2683

2684

2685

2686

2687

2688

2689

2690

Krdzavac and Engel 87

for PL formulas, making it a structured and interpretable setting for
studying compositionality (X2.1: satisfiability witness generation; X3.1.1.1:
SAT solving) (Langedijk et al. 2025, Abstract; pp. 4-8, Sections 3-4). NeSy
frameworks are tested on PL formulas using the Prop50 dataset (X5.1:
logical generalization) (Langedijk et al. 2025, pp. 8-14, Sections 4.5-6). No Y-
dimension assurance mechanism was identified, leaving the Y annotation set
empty.

PMS is a generalization of Boolean SAT and MaxSAT (Liu et al. 2025a,
see Abstract). An InitPMS is trained through GNN to generate an initial
assignment for MaxSAT instances while distinguishing hard and soft clauses.
InitPMS then supplies the assignment to a local search solver, which uses it as
the starting point for optimization (X3.2: MaxSAT optimization; X4.5: heuristic
optimization for SAT) (Liu et al. 2025a, see Section 2.1). The framework does
not report SAT decision, UNSAT refutation, or proof validation. No assurance
mechanism represented in the Y dimension is reported.

As discussed in Peltonen and Wattenhofer (2026), GNNs are used as
the main architecture for solving SAT problems. The authors investigate
the expressive power of GNNs for solving the SAT problem in PL using
the Weisfeiler-Lehman (WL) test (X3.1.1.1: SAT solving). They study the
expressivity of GNNs on regular, random, and planar SAT instances. They
report that random instances can be distinguished, while industrial instances
require greater expressivity to predict a satisfying assignment (Peltonen and
Wattenhofer 2026, see Abstract).

Three frameworks Xie and Sathasivam (2026); Alway et al. (2026); Chen
and Sathasivam (2026) use discrete HNN to search for network states
representing truth assignments that satisfy every clause of a PL formula
in CNF (X2.1: satisfiability witness generation; X3.1.1.1: SAT solving). The
frameworks employ distinct search procedures. Hybrid exhaustive search
applies intelligent mutation (Alway et al. 2026, Sections 2-3), (K)-medoids
clustering organizes candidate states before applying evolutionary learning
(Chen and Sathasivam 2026, Sections 2-3), and clause-derived energy
functions optimize network weights (Xie and Sathasivam 2026, Sections 2-
3). These modifications improve the search for network states encoding truth
assignments that satisfy every clause of the CNF formula (X4.5: heuristic
optimization for SAT). However, failure to find such a network state neither
establishes that the formula is UNSAT (X1.1) nor produces an UNSAT
refutation (X2.2). The frameworks optimize search objectives, energy, or
weights, but none seeks a truth assignment that maximizes the number or
total weight of satisfied clauses for UNSAT formulas. This excludes them from
MaxSAT optimization (X3.2).
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In the paper (Tonshoff and Grohe 2026, Sections 3-4), the authors use a
single GNN evaluation to calculate initial scores for the branching heuristic
of a symbolic SAT solver. The symbolic solver returns either SAT or UNSAT
(X1.1: satisfiability decision; X3.1.1.1: SAT solving). For a SAT result, the
method finds a satisfying assignment for a PL formula written in CNF (X2.1:
satisfiability witness generation). Neural initialization of variable scores
supports the branching heuristic (X4.4) and heuristic optimization for SAT
(X4.5), but the neural component does not independently determine SAT or
construct an UNSAT refutation.

ImitSAT uses CDCL and KeyTrace to predict the next signed variable
as the branch decision (Zhang et al. 2026, Introduction, Figure 1) (X4.4:
branching heuristic; X6.1: algorithmic alignment). The CDCL solver decides
SAT for CNF formulas (Zhang et al. 2026, Section 3, pp. 3-4) (X3.1.1.1: SAT
solving), obtaining a satisfying assignment when the formula is satisfiable
(X2.1: satisfiability witness generation) (Zhang et al. 2026, Section 3, pp. 3-
4) or establishing UNSAT otherwise (Zhang et al. 2026, Section 3, p. 4;
Algorithm 1, p. 14). Tests support generalization (X5.1: logical generalization)
(Zhang et al. 2026, Section 5.3 and Table 2, p. 9) (Zhang et al. 2026,
Section 5.5, p. 10; Appendix F, p. 17; Appendix Q, p. 22).

The AutoModSAT model uses the DeepSeek-V3 heuristics to optimize a
CDCL solver for determining the satisfiability of a PL formula expressed in
CNF (X3.1.1.1: SAT solving) (Sun et al. 2026, Methods). In the SAT case,
the solver returns a truth assignment that satisfies the PL formula (X2.1:
satisfiability witness generation). In the UNSAT case, the solver outputs
a DRAT proof of unsatisfiability (X2.2: UNSAT refutation). Assignments
are checked independently, and drat-trim verifies proofs (Y1.1.2: external
verification) (Sun et al. 2026, Heuristics discovery section, p. 9).

The GMTSAT model guides Kissat, a CDCL solver, in determining the
satisfiability of a PL formula expressed in CNF (X3.1.1.1: SAT solving).
Its guidance strategy uses high-confidence GMTSAT predictions while
maintaining the logical completeness of SAT solving (Hou 2026, p.85,
Section4.5). In addition, the conservative guidance strategy injects neural
predictions as a branching heuristic and achieves a zero error rate (X4.4:
branching heuristic) (Hou 2026, p.90, Section5).

In Ahsan et al. (2026), the authors use an autoencoder-based neuromorphic
architecture with Fowler-Nordheim annealing to maximize the number of
satisfied clauses (X3.2: MaxSAT optimization; X3.1.1.1: SAT solving) Ahsan
et al. (2026). No reported assurance mechanism satisfies the criteria for
annotation under Y.

The Qwen3-4B-SFT-DPO, a neural cubing heuristic, guides Cube-and-
Conquer (C&C) in addressing the SAT problem in PL (X3.1.1.1: SAT solving;
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X4.4: branching heuristic) Erata et al. (2026). During cubing phase, the model
selects splitting variables to partition the formula into subproblems. During
conquering phase, a CDCL solver solves these subproblems (Erata et al.
2026, p. 2, Figure 1). The paper’s description does not support assigning an
assurance concept from the Y dimension. The authors collected 94 SAT and
314 UNSAT formulas with at most 600 variables and 1000 clauses, selecting
subsets for training. Evaluation used a separate test set of 50 SAT and 50
UNSAT formulas excluded from training (Erata et al. 2026, p. 4, Section 4.1).

6 Evaluation of Existing Work

This section evaluates the reported capability and assurance profiles of NeSy
frameworks in 181 papers surveyed in Section 5, excluding McCulloch and
Pitts (1943), which is retained for historical context. The X and Y dimensions
of the X-Y-Z taxonomy guide paper annotation, while the Z dimension
supports quantitative comparison. Concept codes are taxonomic notations,
not numerical scores.

Subsection 6.1 defines F(p) = (Z1(p),Z2(p), Z3(p)) and outlines the
automated evaluation pipeline. Capability (Z;) and assurance (Z:) scores
combine normalized frequency-weighted concept sums with normalized
coverage. Joint coverage (Z3) is the scaled harmonic mean of normalized
X and Y coverage. All three scores lie in [0,6]. Frequency counts papers
annotated with a concept, whereas coverage counts distinct concepts
assigned to a paper within each dimension. Subsection 6.2 describes
data cleaning and construction of the canonical publication and concept-
assignment tables.

Subsection 6.3 reports concept frequencies and weights, distinguishing
annotation prevalence from scientific importance and highlighting unas-
signed concepts. Subsection 6.4 summarizes ANN architecture frequencies
across evaluated publications. Finally, Subsection 6.5 examines yearly means,
medians, and binned Shannon entropy of the three scores alongside publica-
tion counts, characterizing temporal variation in score levels and diversity
across score intervals. These statistics describe annotation-based profiles
rather than directly measuring framework quality or establishing soundness.

6.1 Formal Definition of the Evaluation Function

Let P be the set of publications included in the quantitative evaluation,
excluding McCulloch and Pitts (1943), and let N = |P| be the total number
of surveyed papers. For a paper p € P, let X, be the set of X concepts
assigned to paper p, and let Y, be the set of Y concepts assigned to paper
p. Thus, |X,| is the number of X concepts assigned to p, and |Y,| is the
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270 number of Y concepts assigned to p. The evaluation pipeline computes, for
2nn each publication p, the following vector-valued function:

F(p) = (Z1(p), Z2(p), Z3(p))- (10)

272 The components are calculated using the definitions below. For a concept x
273 from the X taxonomy shown in Figure 3, let XP(z) denote the frequency of z,
272 i.e., the number of surveyed papers annotated with z:

XP(z)=|{pe P|z e X,} (11)

2775 Let XW(z) denote the weight of concept x, computed as the proportion of
a6 surveyed papers annotated with x:
XP(x)

XW(w) = =02 (12)

2777 Let XR(p) denote the raw capability score of paper p, computed by
272 summing the weights of all x concepts assigned to p:

XR(p) = »_ XW(x). (13)

zeXy

2779 Let XCp,ax denote the maximum number of different z concepts assigned to
270 each paper in P:

XCmax = max | X,|. (14)
peEP
2781 Let CX(p) denote the normalized X-coverage of paper p. This value ranges

22 from 0 to 1 and expresses the relative breadth of the capability profile of p:

[ Xl
N 0 XCmax > 0;
CX(p) = ¢ XCnax (15)
0, XCax = 0,
2783 Let XRax denote the maximum raw x score among all surveyed papers:
XRmax = XR(p). 16
max XR(p) (16)

2784 Let S =6 be the scaling constant that maps the final value to the range
2785 from O to 6. The final capability score of paper p is then:

XR(p)
s CX X max )
T(p) = S XRoos CX(p), Rpax >0

0, X Rupax = 0.

(17)
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The assurance score is computed analogously. For a concept y from the Y
taxonomy shown in Figure 4, let YP(y) denote the frequency of y, i.e., the
number of surveyed papers annotated with y:

YP(y) =|{p € P |y € Y}, }I. (18)

Let YW(y) denote the weight of concept y, computed as the proportion of
surveyed papers annotated with y:

YW@%:Y%M. (19)

Let YR(p) denote the raw assurance score of paper p, computed by
summing the weights of all y concepts assigned to p:

YR(p) = Y YW(y). (20)

yeY,

Let YC,ax denote the maximum number of y concepts assigned to each
paper in P:

YCmax = max |Y,|. (21)
peEP

Let CY(p) denote the normalized y-coverage of paper p:

Y]
y YChax >0,
Cy(p) = ¢ YChax (22)

07 YOInax = 07

Let YR,ax denote the maximum raw y score among all surveyed papers:
YRax = max YR(p). (23)
peP

The final assurance score of paper p is then:

Y R(p)
S CY (p), Y Rmax >0,
Zo(p) = Y R CF @) (24)

Oa YRmax = 0

Thus, Z; and Z5 are not computed from the syntax of the concept identifier.
Instead, they are computed from the concepts assigned to a paper, how
common these concepts are in the surveyed corpus, and how many distinct
concepts are used to annotate the paper.

The joint coverage score Zs(p) is the harmonic mean of the normalized
coverage values C X (p) and CY (p), scaled by S = 6:
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L 20X(p)CY(p)
Zap) = 12 TX@p) + Oy TXD YR >0, 05)

0, otherwise.

It is not the harmonic mean of Z;(p) and Z(p). The harmonic mean gives
greater influence to the smaller coverage value, so a high score requires
substantial coverage in both dimensions. The score ranges from 0 to 6: it
is 0 when either coverage value is 0 and reaches 6 only when both coverage
values equal 1. If no surveyed paper has concepts assigned in a dimension, its
normalized coverage is defined as 0 for all papers to avoid division by zero.

The evaluation pipeline is fully automated and implemented as a Python
project, which is hosted in a GitLab repository. The repository URL is provided
in Listing 1 of Appendix A.1. Figure 8 illustrates the overall evaluation
pipeline, which consists of five steps.

1. Preprocess data from the tables in Section 5

!

2. Generate the canonical input dataset publications.csv
and concept_assignments.csv

’ 3. Compute corpus-wide concept frequencies and weights. ‘

!

’4. Calculate F(p) = (Z1(p), Z2(p), Z3(p)) for each publication ‘

!

5. Aggregate publication-level scores by publication year
and plot annual trends

Figure 8. Evaluation pipeline implemented in the nesy_evaluation Python project (see
Listing 1 in Appendix A.1).

6.2 Data Preprocessing

In the pre-processing phase, the evaluation pipeline takes as input the data
presented in Tables 23-32 in Section 5. Figure 8 illustrates preprocessing
and canonical dataset generation as the two initial steps preparing data for
computing F(p) = (Z1(p), Z2(p), Z3(p)). OpenAl's GPT-6-Astra is used as a tool
to extract and organise the data. Continuation rows are combined, shared
entries are expanded into separate publication records, identified formatting
errors are corrected, and duplicate concept assignments are removed. No
unstated parent concepts are added. Publication years are extracted from
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citation keys and require bibliographic verification before temporal analysis.
The paper McCulloch and Pitts (1943) is retained for historical context
but excluded from the canonical dataset and quantitative evaluation. In
the second step, the extracted data are organized into the canonical input
dataset. The dataset comprises two tables:

The publications.csv table contains four fields: paper id, citation key,
publication year, and ANN architectures. Each citation key receives one
unique paper ID and occupies one row, with multiple ANN architecture names
separated by semicolons within the same cell. The concept assignments.csv
table contains three fields: paper id, dimension, and concept _id. Each distinct
paper—-concept pair occupies a separate row, linked to an existing publication
through its paper ID, establishing a one-to-many relationship between
publications and assignments. The table contains 525 concept assignments:
512 for X concepts and 13 for Y concepts. There are 10 publications with
multiple ANN architectures.

Both files are stored in the data/raw folder of the nesy evaluation Python
project, whose URL is provided in Listing 1 of Appendix A.1. They provide the
input data for steps 3-5 in Figure 8.

6.3 Concept Frequencies and Weights

Using the dataset generated in step 2, step 3 computes the frequencies
and weights of concepts from the X and Y dimensions across the 180
evaluated publications. The results are stored in the data/processed folder
of the nesy evaluation Python project and are reported in Table 33.

Table 33 shows that SAT solving (X3.1.1.1) and logic expressivity (X6.2)
are the most frequently assigned concepts, appearing in 117 and 112
publications, respectively. Their weights, approximately 0,650 and 0,622,
represent their proportions in the evaluated corpus. Satisfiability witness
generation (X2.1) occurs in 69 publications, whereas UNSAT refutation (X2.2)
occurs in only 2 Ghanem (2024). In the assurance dimension, soundness
assessment (Y3) occurs in 7 publications and proof validation (Y1.2) in 2.
These frequencies describe annotation prevalence rather than measured
effectiveness or the strength of a formal guarantee. Under the defined
formulas, more frequent concepts contribute greater weights to the raw
scores (13) and (20).

Including the root and intermediate nodes, the supplied taxonomies contain
36 X concepts and 11 Y concepts. Of these, 23 X concepts and 6 Y
concepts appear in the annotations, leaving 13 and 5 concepts, respectively,
without explicit assignments. However, these totals include unassigned
organizational nodes because parent concepts are not automatically added
when their descendants are assigned. Considering leaf concepts alone, 3
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Table 33. Corpus-wide frequencies and weights of X and Y concepts across 180
evaluated publications. Frequency denotes the number of publications assigned a
concept. Weight is its frequency divided by 180, rounded to three decimal places.

1D Concept ID Paper frequency  Concept weight
1 X1.1: Satisfiability decision 20 0.111
2 X1.2: Logical consequence 17 0.094
3 X2.1: Satisfiability witness generation 69 0.383
4 X2.2: UNSAT refutation 2 0.011
5 X3.1.1.1: SAT solving 117 0.650
6 X3.1.1.2: Resolution 4 0.022
7 X3.1.2: Heuristic adaptation 1 0.006
8 X3.1.2.2: RL-guided clause selection 1 0.006
9 X3.1.2.3: Query-aware formula generation 2 0.011
10 X3.1.2.4: Strategy adaptation 3 0.017
11  X3.2: MaxSAT optimization 21 0.117
12 X4.2: Clause selection quality 1 0.006
13  X4.3: Search-space pruning 8 0.044
14  X4.4: Branching heuristic 11 0.061
15  X4.5: Heuristic optimization for SAT 64 0.356
16  X5.1: Logical generalization 12 0.067
17  X5.2: Paradox-resistant training 1 0.006
18  X5.3: UNSAT-core prediction 2 0.011
19  X6.1: Algorithmic alignment 28 0.156
20  X6.2: Logic expressivity 112 0.622
21  X7:Soundness guarantee 10 0.056
22 X8.1: Robustness 4 0.022
23 X8.2: Interpretability 2 0.011
24 Y1.1: Certificate support 1 0.006
25 Y1.1.1: Certificate format 1 0.006
26  Y1.1.2: External verification 1 0.006
27  Y1.2: Proof validation 2 0.011
28  Y1.4.1: UNSAT certification 1 0.006
29  Y3:Soundness assessment 7 0.039

X concepts and 2 Y concepts remain unassigned: strategy monitoring
(X3.1.2.1), lemma discovery (X4.1), lemma reuse (X4.6), proof compression
(Y1.3), and interactive explanation (Y2). These concepts have zero frequency
and weight and are omitted from the table of observed concepts.

For readers, this distinction helps separate taxonomic organization
from potentially under-explored research topics. Unassigned leaf concepts
identify properties for which the evaluated corpus contains no explicit
annotations, suggesting priorities for closer literature review and framework
analysis. They do not establish that these properties are absent from all
NeSy frameworks. However, missing assignments may also reflect limited
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reporting, annotation choices, or survey coverage. Similarly, a low weight
does not imply low scientific importance.

6.4 Distribution of ANN Architectures Across Surveyed
Publications

Table 34 presents ANN architecture frequencies, where frequency denotes
the number of publications assigned an ANN architecture label. These data
were generated using the nesy_evaluation Python project (see Listing 1 in
Appendix A.1).

Table 34. Corpus-wide frequencies of ANN architecture labels across 180 evaluated
publications. Labels sharing the same frequency are grouped in one row; the
frequency applies to each label individually. Publications with multiple labels contribute
to each corresponding count.

ID ANN architectures Paper frequency

1 ANN as directed graph, ANN for end-to-end diff. proving, Analog ANN, Autoencoder, BM, BPNN, Cont. time ANN, 1
DeepSeek-V3, Elliot HNN, GAT, GCNN, GGC-NN, GMS-E, GMS-N, GNN (SAT-GATv2), GRU-NN, GraSS, HT ANN, HyperGCN,
INN, ImitSAT, LBM, LINN, LNN, LSTM, LSTM RNN, LagONN, MHNN, NeuroSAT, Perceiver AR, PossibleWorldNet, Qwen3-4B,
RBM, SAANN, SATNet, SGAT, SOM-NN, TenSAT, Tree-LSTM NN, Tree-NN, motivated by HNN, multi-layer

2 BERT, ConvNN, DNN, KBANN, Little HNN, RBFNN, RNN, SNN, Transformer, UANN 2
3 MPNN, higher order HNN 3
4 LPPH 4
5 FNN 8
6 ConnectNN 9
7 GNN 27
8 DHNN 31
9 HNN 42

ANN usage across the surveyed publications is concentrated in a few
architecture categories. HNN is the most common label, appearing in 42
publications, followed by DHNN in 31 and GNN in 27. ConnectNN and FNN
appear in 9 and 8 publications, respectively, while LPPH appears in 4. MPNN
and higher order HNN each appear in 3 publications. Ten other categories
each appear in two publications, while the remaining 42 each appear in one.
These counts highlight the prominence of HNN, DHNN, and GNN alongside
substantial diversity among less common architectures.

6.5 Mean, Median, and Shannon Entropy of Z1, Z,, and Zs

In Steps 4 and 5 of the evaluation pipeline (see Figure 8), the
nesy_evaluation Python project (see Listing 1 in Appendix A.1l) first
computes F(p) = (Z1(p), Z2(p), Z3(p)) for each evaluated publication p. It
then groups these publication-level scores by publication year and computes
the following summary statistics separately for 7;, Z,, and Z3: the mean
(Montgomery and Runger 2014, p. 190, Section 6.1), median (Montgomery
and Runger 2014, p. 223, Example 7.1; p. 200, Example 6.5), and binned
Shannon entropy (Shannon 1948, p. 394).
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The arithmetic mean describes the average score among publications
in a given year, whereas the median identifies the middle value of the
ordered scores, or the arithmetic mean of the two middle values when the
number of scores is even, and is less sensitive to extreme values. Shannon
entropy complements the mean and median by summarising the distribution
of publication-level scores within each year. For its calculation, scores are
grouped into the fixed intervals [0,1), [1,2), [2,3), [3,4), [4,5), and [5,6],
and the proportion of publications in each interval defines its probability.
This calculation is performed separately for Z;, Z,, and Zs. These score
intervals are used in the calculation but are not displayed in Figure 11,
which shows the resulting yearly entropy values in bits. Entropy reflects
both the number of occupied score intervals and how evenly publications
are distributed among them; higher entropy does not imply higher capability
or assurance. Figures 9, 10, and 11 present these statistics against actual
publication years, allowing temporal variation to be examined independently
of the boundaries chosen for chronological periods. The periods G5-G9 are
retained only as visual annotations, and yearly publication counts provide
context for interpreting statistics based on small samples. Years without
evaluated publications have no summary statistics and appear as gaps in the
statistical plots. All yearly results are stored in z_statistics_by_year.csv
in the data/processed/ folder of the nesy_evaluation project (see Listing 1
in Appendix A.1).

Figure 9 shows that the yearly mean of Z; fluctuates rather than increasing
consistently over time. Its highest value is 3.872 in 2007, although this year
contains only one evaluated publication. Other peaks occur in 2000 and 2005,
both with a mean of 2.567, and in 2013, with a mean of 2.312. Within G9,
the yearly mean increases from (.798 in 2020 to 1.486 in 2021, decreases
to 1.197 in 2023, and reaches 1.897 in 2024 before falling to 0.767 in 2025
and rising to 1.119 in 2026. These fluctuations illustrate the additional detail
revealed by yearly aggregation that would be obscured by a single mean for
each chronological period.

The yearly means of Z, and Z3 are zero in most years with evaluated
publications, with nonzero values occurring in selected years. Both reach
their highest yearly means in 1999: 1.037 for Z5 and 1.143 for Z3, based on
three publications. Nonzero values occur in 1996, 2014, 2018, 2021, 2024,
2025, and 2026. For example, the respective means in 2018 are 0.667 and
0.645, whereas in 2024 they are 0.111 and 0.133. These values describe the
scores obtained under the evaluation scheme and should not be interpreted
as direct measurements of the overall quality of the publications.

The bottom panel shows that the number of evaluated publications varies
substantially between years and is generally larger in the most recent period.
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Yearly mean of 21, 22, and 23

Vearly mean of 21, 22, and 23 - 21
o

Figure 9. Yearly arithmetic means of Z1, Z», and Zs across the evaluated
publications. The bottom panel shows the number of evaluated publications per year.
Chronological periods G5-G9 are annotated for reference.

The largest yearly count is 18 in 2024, while 2020 and 2022 each contain 17
publications. Consequently, the yearly means must be interpreted alongside
their publication counts: a peak based on one publication, such as the Z;
mean in 2007, provides less evidence of a broader pattern than a mean
based on a larger set of publications. Overall, the figure does not show a
sustained increase in all three evaluation metrics despite the larger number
of evaluated publications in recent years.

Figure 10 shows that the yearly median of Z; fluctuates without a
consistent upward trend. Its highest value is 3.872 in 2007, when only one
publication was evaluated and the median therefore equals the mean. Other
peaks occur in 2000 and 2005, both with a median of 2.567, and in 2013,
with a median of 2.312. Within G9, the median increases from 0.697 in 2020 to
2.184 in 2021, decreases to 0.907 in 2023, and rises to 1.669 in 2024. It then
falls to 0.489 in 2025 before increasing to 1.165 in 2026. These changes show
that the central value of the Z; scores varies substantially between individual
publication years.

The yearly medians of 75 and Z3 are zero in every year with evaluated
publications except 1999, when they reach 1.556 and 1.714, respectively,
based on three publications. This pattern differs from the yearly means in
Figure 9, which are positive in 1996, 2014, 2018, 2021, 2024, 2025, and 2026.
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Figure 10. Yearly medians of Z1, Z3, and Z3 across the evaluated publications. The
bottom panel shows the number of evaluated publications per year. Chronological
periods G5-G9 are annotated for reference.

Positive means alongside zero medians indicate that nonzero scores occur in a
minority of the evaluated publications in those years. For example, the means
of Z5 and Z3 in 2024 are 0.111 and 0.133, respectively, while both medians
remain zero. Thus, the median complements the mean by showing that these
positive scores do not characterise the central publication-level values.

The bottom panel provides the publication counts needed to interpret these
medians. The largest count is 18 in 2024, followed by 17 publications in both
2020 and 2022, whereas several earlier years contain only one publication.
Although the median is less sensitive to extreme scores than the mean, a
median based on very few publications still provides limited evidence of a
broader pattern. The larger publication counts in G9 coincide with fluctuating
71 medians and consistently zero Z> and Z3 medians. These results describe
the evaluated corpus under the adopted scoring scheme and do not establish
a sustained improvement across all three metrics.

Figure 11 shows how publication-level scores are distributed across the
fixed score intervals within each year. In plain terms, entropy indicates
whether publications fall into one score interval or are distributed among
several intervals. Zero entropy means that all scores belong to the same
interval, although their exact values need not be identical or zero. The entropy
of Z; varies considerably over time, reaching 1.371 bits in 1996 and 1.585 bits
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Figure 11. Yearly binned Shannon entropy of Z;, Z2, and Zs, measured in bits using
fixed score intervals. The bottom panel shows the number of evaluated publications
per year. Chronological periods G5-G9 are annotated for reference.

in 2017. Within G9, it increases from 0.787 bits in 2020 to its highest observed
value of 2.018 bits in 2024, before decreasing to 1.039 bits in 2025 and rising
to 1.522 bits in 2026. The peak in 2024 therefore indicates greater diversity
across the score intervals, not the highest average capability score.

The entropy curves for Z, and Z3 coincide except in 2026. Both reach their
highest value of 0.918 bits in 1999, with further nonzero values of 0.722 bits
in 1996, 0.811 bits in 2014, 0.650 bits in 2018, 0.503 bits in 2021, 0.310 bits
in 2024, and 0.353 bits in 2025. In 2026, their entropies are 0 and 0.469 bits,
respectively. These results indicate that the scores occupy multiple intervals
only in selected years. Matching entropy values do not imply identical Z> and
Z3 scores, since different score distributions can produce the same entropy.
The mean and median figures therefore remain necessary for interpreting the
levels of these scores.

The publication counts in the bottom panel also matter when interpreting
entropy. A year containing only one publication necessarily has zero empirical
entropy, regardless of that publication’s score. For example, the highest
yearly mean and median of Z; occur in 2007, but its entropy is zero because
only one publication was evaluated. In comparison, the Z; entropy peak in
2024 is based on 18 publications. Differences in sample size and the selected
score intervals should therefore be considered when comparing years.
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Together, the three statistics distinguish average score, central score, and
diversity across score intervals, without establishing that greater diversity
represents better reasoning or stronger assurance.

Taken together, the statistics show that the surveyed frameworks exhibit
capabilities represented by X concepts, while assurance represented by
Y concepts is less consistently reflected in their annotations and scores.
Positive yearly Z; means coexist with zero Z, medians in nearly every
evaluated year, indicating that capability and assurance do not necessarily
occur together. However, a zero assurance score should not be treated as
proof that a framework is unsound; it indicates that the evaluation did
not capture assurance through the assigned Y concepts. Students should
therefore examine the underlying annotations and supporting evidence
alongside the summary statistics. As a take away message: evidence of a
NeSy framework’s ability to perform reasoning or proving tasks does not, by
itself, establish the correctness of its results. Readers should assess both the
capabilities demonstrated and the assurance mechanisms reported, including
the scope and limitations of any guarantees provided.

7 Conclusions

This survey examined PL inference, reasoning, and proving in NeSy
frameworks through qualitative analysis and quantitative assessment. The
main finding is an imbalance between the capabilities reported in the
surveyed publications and the assurance mechanisms documented for their
results. Across 181 publications discussed and 180 quantitatively evaluated,
the literature provides substantial evidence of SAT-related capabilities, but
much less consistent evidence of proof validation and other assurance
mechanisms. Demonstrating that a framework performs a reasoning task
therefore needs to be distinguished from establishing why its results should
be trusted.

The comparison of 26 existing survey and review papers in Section 4
identifies a related gap in how the field is reviewed. Classifications based
on architectures, knowledge representations, or learning methods do not
consistently make explicit which reasoning and proving tasks in PL are
supported and what evidence supports their correctness. The X-Y-Z taxonomy
complements these perspectives by separating capability from assurance
and making their reported coverage available for systematic comparison.
Its hierarchy organizes concepts by specificity, not by increasing capability
or assurance. The results in Section 6 make this imbalance concrete.
Table 33 records SAT solving (X3.1.1.1) in 117 publications and satisfiability
witness generation (X2.1) in 69, compared with proof validation (Y1.2) in
2 publications and soundness assessment (Y3) in 7. The yearly analysis
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in Section 6.5 shows positive capability means alongside zero assurance
medians in nearly every evaluated year. These findings support greater
attention to proving and assurance in NeSy research. Explainability can help
users understand results, but does not by itself establish logical validity or
replace proof checking. The survey does not establish that an emphasis on
explainability caused the observed imbalance.

For researchers, the practical implication is to assess each claim against the
evidence appropriate to it. Publications should identify reasoning and proving
tasks in PL, distinguish predictions from satisfying witnesses and proofs, and
explain which component establishes correctness. When a neural component
guides a symbolic solver, authors should state whether the guarantee
comes from the solver, a proof checker, or another mechanism. Evaluation
should report the assumptions and scope of guarantees alongside empirical
performance, and make validation procedures and proof artifacts available
where applicable. These distinctions also help students and reviewers
examine capability and assurance claims consistently.

The quantitative results describe the curated corpus and its annotations.
Concept frequency does not measure scientific importance, and the Z scores
do not directly measure task performance or guarantee strength. A missing
Y annotation or zero assurance score does not establish unsoundness.
Reporting limitations, annotation choices, incomplete search coverage, and
unequal yearly publication counts can affect the results. The findings
therefore do not demonstrate a uniform decline across NeSy research. The
Python pipeline makes calculations reproducible from the curated inputs,
while publication screening and concept assignment still require scholarly
judgment.

OpenAl’s GPT-6-Astra was prompted to conduct web searches for primary
studies by publication period, using terminology variants, eligibility criteria,
and deduplication rules (Appendix A.2). Surveys were retrieved separately
through a documented DBLP SPARQL query. Each publication’s metadata
and eligibility were manually checked. Bibliographic notes indicate cases
where peer-review status could not be confirmed. Peer-review status was
confirmed for all other publications. Searching public pages does not
establish comprehensive database coverage. Manual database searches
likewise cannot guarantee completeness because of coverage, indexing, and
query limitations. Reference errors, omissions, and selection bias remain
risks. Screening cannot establish completeness, and the revised prompt alone
cannot ensure reproducibility.

Future work should develop and evaluate NeSy methods that produce
independently checkable witnesses and proofs, and examine the cost
of certification alongside accuracy, runtime, and scalability. The survey
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methodology can be strengthened through independent annotation,
assessment of annotator agreement, and sensitivity analysis of weighting
and normalization choices. Updating the corpus and investigating unassigned
concepts would help distinguish reporting gaps from underexplored
capabilities. Extending the taxonomy to predicate, temporal, and other
formal logics would require additional concepts and logic-specific assurance
criteria. The released taxonomy, data, and implementation provide a basis
for these extensions and for assessing future progress in both capability and
assurance.

A Appendix

A.1 Supplementary Material

1. The nesy evaluation Python  project: https://gitlab.com/
TIBHannover/human-decision/neuro-symbolic- reasoning-survey/
-/tree/main/nesy_evaluation

2. SPARQL query: https://gitlab.com/TIBHannover/human-decision/
neuro-symbolic-reasoning-survey/-/tree/main/sparql

3. Implemented X-Y-Z taxonomy as instance of SKOS ontol-
ogy: https://gitlab.com/TIBHannover/human-decision/
neuro-symbolic- reasoning-survey/-/tree/main/taxonomy

A.2 Prompt for the publication search

Transparency note. The following prompt was developed with assistance
from OpenAlI’s ChatGPT and used with OpenAl’s GPT-6-Astra to conduct web
searches. Bibliographic information and eligibility were manually verified
for each identified publication. Acceptance and peer-review status were not
systematically verified for all papers accessed through arXiv or OpenReview.
Manual assessment of scientific content should therefore be distinguished
from verification of publication status.

Search objective. Conduct a systematic worldwide search for research
papers, including peer-reviewed publications and publicly accessible
preprints, describing neuro-symbolic (NeSy) frameworks that integrate
neural and symbolic components to perform inference, reasoning, or proving
specifically in propositional logic (PL).

Search independently within each of the following publication periods:
1940-1949, 1950-1959, 1960-1969, 1970-1979, 1980-1989, 1990-1999,
2000-2009, 2010-2019, and 2020-2026. Where a corresponding peer-
reviewed publication is verified, use its publication year to assign the paper
to a decade. Otherwise, use the year in which the preprint was first made
publicly available and explicitly identify this basis for the assignment. Do
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not require historical papers to use the modern terms “neuro-symbolic” or
“NeSy.”

Mandatory inclusion criteria. Include a paper only when all the following
criteria are satisfied:

It is a full research paper available as a journal publication, a conference
paper, or a publicly accessible preprint.

It describes a framework or method containing both a neural component
and an explicit symbolic component.

Its symbolic representation substantively uses propositional logic,
Boolean formulae, propositional calculus, CNF or DNF formulae, SAT,
MaxSAT, propositional resolution, or another explicitly propositional
inference or proof system.

The interaction between its neural and symbolic components
contributes directly to inference, reasoning, satisfiability solving,
witness generation, refutation, proof search, or proving.

Its bibliographic information can be verified from an authoritative
venue, publisher, repository, or bibliographic record. Record acceptance
or peer-review status separately where supporting evidence is available.
If this status cannot be verified, state that explicitly rather than inferring
it from the hosting platform.

A passing reference to propositional logic is insufficient. Propositional
logic must be part of the framework’s representation, operation, inference
procedure, reasoning mechanism, solver, evaluation task, or proof procedure.

Exclusion criteria. Exclude:

Purely neural methods without a substantive symbolic component;
Purely symbolic solvers or theorem provers without a neural component;
Papers restricted to another logical formalism without a distinct and
substantive PL component;

Papers in which logic is used only as motivation, terminology, an output
label, or a minor regularisation constraint;

Surveys, tutorials, theses, posters, abstracts, presentations, non-
research reports, and patents;

Manuscripts for which the available text or bibliographic information is
insufficient to assess eligibility; and

Duplicate preprint, conference, journal, or technical-report versions of
the same contribution.

Search coverage. Search publicly accessible records and pages associated

with:

publisher and conference websites;

Prepared using sagej.cls



3157

3158

3159

3160

3161

3162

3163

3164

3165

3166

3167

3168

3169

3170

3171

3172

3173

3174

3175

3176

3177

3178

3179

3180

3181

3182

3183

3184

3185

3186

3187

3188

3189

3190

3191

3192

3193

3194

3195

3196

3197

104 Journal Title XX(X)

e arXiv: https://arxiv.org/ and other preprint repositories;
* OpenReview: https://openreview.net/;

e DBLP: https://dblp.org/;

* Semantic Scholar: https://www.semanticscholar.org/;
* Consensus: https://consensus.app/;

¢ OpenAlex: https://openalex.org/;

* Crossref: https://www.crossref.org/;

* Scopus: https://www.scopus.com/ ;

* Web of Science: https://www.webofscience.com/;

* IEEE Xplore: https://ieeexplore.ieee.org/;

¢ ACM Digital Library: https://dl.acm.org/;

e Springer Nature Link: https://link.springer.com/;

e Springer Nature: https://www.nature.com/;

e university and institutional repositories;

* DOI records; and

e authors’ institutional and publication pages.

Use combinations and spelling variants of terms such as “neuro-symbolic,”
“neurosymbolic,” “neural-symbolic,” “connectionist-symbolic,” “neural logic,”
“neural SAT,” “neural theorem proving,” and “differentiable logic,” together
with PL-related terms such as “propositional logic,” “Boolean formula,”
“CNE” “SAT,” “UNSAT,” “MaxSAT,” “resolution,” “truth assignment,”
“refutation,” and “propositional proof.”

Use arXiv, other preprint repositories, and OpenReview to discover
candidates, access manuscripts, and identify corresponding publication
versions. Include a preprint when it satisfies the substantive inclusion
criteria, even if a peer-reviewed publication cannot be verified. Where
a corresponding journal or conference publication is verified, cite that
publication and record the manuscript version consulted. Otherwise, identify
the work as a preprint or submission and state that acceptance or subsequent
publication has not been verified. Availability on arXiv or OpenReview alone
does not establish peer-review or acceptance status. Do not count a preprint
and its published version as separate papers.

Comparison with the existing reference list. Compare every identified
paper with the attached reference list or BibTeX file [ATTACHED REFERENCE
FILE]. Detect papers already represented in the reference list by comparing
normalised titles, DOI identifiers, arXiv identifiers, author lists, publication
years, and preprint-publication relationships. Exclude all papers already
represented in the attached reference list from the set of newly identified
papers.

Required output. Provide:

” o ”»ou

* a table of newly identified eligible papers organised by decade;
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» complete and verified bibliographic information for every new paper;

* a DOI or stable publication or repository URL;

e the publication or submission status of each paper, together with
supporting evidence where available, or an explicit statement that
acceptance or peer-review status has not been verified;

» evidence identifying its neural and symbolic components;

* evidence that propositional logic is used substantively;

» evidence that the framework performs inference, reasoning, or proving;

* a concise justification for inclusion or exclusion;

e a list of papers excluded because they are already present in the
attached reference list; and

e the number of eligible new papers found in each decade. Report
separately the number with verified peer-reviewed publication status
and the number without such verification. Report zero when no eligible
new paper is found; do not relax the criteria to populate a decade.

Create a downloadable BibTeX file named new_nesy_pl_papers.bib. This
file must contain only newly identified papers satisfying all inclusion criteria.
Do not include papers already represented in the attached reference list or
alternative versions of those papers. Use only verified bibliographic fields
and do not invent missing information, DOI identifiers, publication venues,
or page numbers. For each paper accessed through arXiv, another preprint
repository, or OpenReview, include a note field identifying the verified journal
or conference publication, where available. Otherwise, identify the work as a
preprint or submission and state that acceptance or subsequent publication
has not been verified.
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